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Abstract
Models with extra dimensions have attracted much interest recently. The rea-
son is that string theory, a serious candidate for the theory of unification of all
interactions, predicts the existence of up to seven extra dimensions. These mod-
els have many attractive features and may turn out to provide the solution for
many long standing problems in physics. One interesting and very attractive
idea is that our visible universe is confined to a four-dimensional hypersurface
in a higher-dimensional spacetime. This membrane like universe was dubbed
brane-world.
The main goal of this thesis is the study of the four-dimensional (4D) effective
theories and their observational consequences in the brane-world universe.
After introducing the brane-world idea with more detail we shall use the gra-
dient expansion method to obtain the 4D effective theories of gravity for several
higher-dimensional theories with different numbers of extra-dimensions.
In chapter 2, we shall consider a five-dimensional two brane model with a
scalar field living in the extra-dimension. This model reduces to the Randall
and Sundrum model and to the Horˇava-Witten theory for a particular choice of
our parameters. We will show that the 4D effective theory can reproduce exact
dynamically unstable solutions present in the literature and we will identify the
origin of this instability. We will argue against a claim that the 4D effective
theory allows a wider class of solutions than the 5D theory.
In the following chapter, we shall derive the low energy effective theory on
a brane in 6D supergravity. In order to consider matter other than tension we
will regularize the singular brane by a codimension one brane. We will show that
the 4D effective theory is a Brans-Dicke (BD) theory with the BD parameter
ωBD = 1/2. We will prove that time-dependent solutions in the 4D theory can
be lifted up to exact 6D solutions found in the literature. We will also discuss
the possibility of stabilizing the BD field in order to recover standard cosmology.
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At the end of chapter 3 we comment on the implications of these models for the
cosmological constant problem.
In chapter 4, we will present a systematic way to derive the 4D effective
theory for warped compactifications with fluxes and branes in the 10D type IIB
supergravity. We will obtain the 4D effective potential for the universal Ka¨hler
modulus.
In the second half of the thesis, after introducing the concept of brane-inflation
we will focus on some observational consequences of these low energy effective
theories. In particular, chapter 6 is devoted to the study of non-Gaussianities
in general single field models of inflation. We will compute the fourth order
action for scalar and second order tensor perturbations for a fairly general model
that includes the brane-inflation scenarios as particular cases. This will enable
us to calculate the trispectrum at leading order in the slow-roll expansion. We
will point out that in order to obtain the correct leading order result using the
comoving gauge action, one has to include the second order tensor perturbations.
This fact has been wrongly ignored in the literature. We will also provide the
necessary formalism to calculate the next-to-leading order contribution that might
become observationally important in the future.
The final chapter before the conclusion studies the bispectrum in general mul-
tiple field models of inflation. These general models include multi-fieldK-inflation
and multi-field Dirac-Born-Infeld inflation as particular cases. We shall derive the
exact second and third order actions including the metric perturbations. In the
small sound speed limit and at leading order in the slow-roll expansion, we shall
derive the three point function for the curvature perturbation which depends on
both adiabatic and entropy perturbations. We will show that the contribution
from the entropy perturbation has a different shape dependence from the adi-
abatic perturbation contribution if the sound speeds of these perturbations are
different. This provides a way to distinguish models.
The final chapter is for conclusions and discussions.
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Chapter 1
Introduction to the brane-world
Superstring theory, or better, the union of the five different string theories known
as M-Theory is regarded as a promising candidate for the “Theory of Everything”.
Scientists hope that, once completely formulated, this theory will not only be able
to reproduce, in certain limits, the two theories that are the pillars of the 20th
century physics, quantum mechanics and general relativity, but it will also be able
to explain new phenomena. One of the most interesting and surprising aspects
of this theory is the fact that it can only be correctly formulated in a higher-
dimensional spacetime, to be more specific a 10 + 1 dimensional spacetime. But
it is also true that almost all of our daily experiences can be perfectly explained
using just a four-dimensional spacetime, 3 + 1 dimensions. Therefore we need
a mechanism of compactification of these seven extra dimensions, so that they
become “invisible” at least at low energy scales.
In 1996, Horˇava and Witten [2] came up with a model where this M-Theory
compactified in a certain way would reduce to a known string theory (E8 × E8
Heterotic String). Basically, this model can be realized, from an effective point of
view [3], as a five-dimensional (5D) spacetime, the bulk, with two boundary hyper
surfaces, the branes. All the Standard Model particles and fields are confined to
these hyper surfaces while gravity is the only interaction that can occur in the
bulk.
In 1999, motivated by these ideas, Randall and Sundrum [4] proved that in
this scenario one of the biggest problems in physics, the hierarchy problem could
be explained in a simple way. I shall describe their model in section 1.1. In
the same year, Randall and Sundrum published another paper [5] where they
proved that Newton’s law of gravity could be retrieved in these models with
12
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extra dimensions. Although this was a very important paper, it was somehow
incomplete because the recovery of Newton’s theory is not enough when we know
that the correct theory is general relativity. The gap was filled with the work of
Garriga and Tanaka [6] (see also [7]) and the subject of linearized gravity will be
discussed is section 1.2.
The effective non-linear Einstein equations of the 3-brane world were derived
in [8] and they will be under consideration in section 1.3. I shall say a few
words about the cosmological implications [9, 10] of this new set of equations
in subsection 1.3.1. The effective Einstein equations are very difficult to solve
analytically. In fact, it was shown that in general one needs to solve the full 5D
bulk equations in order to find the 4D geometry, so it is crucial to develop tools to
tackle this problem. Kanno and Soda [11, 12] developed such a tool and section
1.4 will be dedicated to the study of their method, the low energy expansion
scheme. This perturbative method solves the full 5D equations of motion using
an approximation and after imposing the junction conditions, one obtains the 4D
effective equations of motion.
In the next three chapters of this thesis we will use the low energy expansion
scheme extensively in order to obtain the four-dimensional (4D) effective theories
of gravity for three different models with several extra-dimensions.
The first model under consideration will be a 5D dilatonic two brane model
that interpolates between the Randall and Sundrum model and the Horˇava-
Witten theory, which we shall introduce in section 1.5.
The second model that we will study is the 6D supergravity scenario. As
an introduction, in section 1.6, we will present the idea of self-tuning in a six-
dimensional brane-world model (co-dimension two brane-world). This self-tuning
property is remarkable and it might prove to be the solution to another one of the
biggest problems in physics, the cosmological constant problem. We will obtain
the 4D effective theory and we will show that it is a Brans-Dicke (BD) theory
with the BD parameter equals to one half.
It would be desirable to realize the Randall and Sundrum mechanism of gen-
erating large hierarchies in a more fundamental theory like string theory for ex-
ample. This was achieved in [13] for the type IIB string theory. In section 1.7 we
will present the 10D type IIB supergravity model that is a low energy approx-
imation to the type IIB string theory. Section 1.7 is of particular relevance for
the understanding of Chapter 4, where we will obtain the 4D effective theory in
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warped compactifications of the 10D supergravity model. This constitutes the
last of the three higher-dimensional theories that we will discuss.
In this thesis, we shall follow the sign conventions and definitions of the Rie-
mann and Ricci tensors of Wald [14]. In particular, we will use the metric signa-
ture − + + + · · · We also choose to work in an unit system where the speed of
light and the reduced Planck constant are equal to one.
1.1 Randall and Sundrum two brane model
This model [4] was proposed as an explanation to the hierarchy problem. So,
first I shall clarify what exactly is this problem and why it is one of the most
important problems in physics.
The hierarchy problem highlights the enormous difference in strength of grav-
ity and the electroweak interaction. The electroweak energy scale is mEW ∼
103GeV while the Planck energy scale (the scale at which general relativity breaks
down and a theory of quantum gravity must be used) isMPL = G
−1/2
N ∼ 1019GeV .
GN denotes the 4D Newton’s constant. It is problematic to have two (so differ-
ent) fundamental energy scales when searching for the theory of unification of all
interactions.
However, there is a crucial difference between the electroweak scale and the
Planck scale. While we have experiments that probe the electroweak interaction
down to m−1EW ∼ 10−17cm distances, we do not have experiments to test gravity
at distances of order of M−1PL ∼ 10−33cm. The smallest scale that we have ac-
cess through gravity is of order 10−2cm [15], so our assumption that MPL is a
fundamental energy scale relies on a huge extrapolation.
This reason led Randall and Sundrum (RS) and others before them to infer
that MPL might not be a fundamental scale and to proposed mechanisms to
generate it. Before RS, the higher-dimensional mechanisms [16] which existed
solved the hierarchy problem relying on the formula
M2PL =M
n+2Vn. (1.1)
This formula is valid for a 4+n dimensional spacetime, where the n extra dimen-
sions are compactified, i.e., the full spacetime is equal to a 4D spacetime times a
nD compact space, being Vn its volume. M is the (4 + n)D Planck mass and we
CHAPTER 1. INTRODUCTION TO THE BRANE-WORLD 15
Z 2 Z 2
4D
Ma
tte
r
4D
Ma
tte
r
y
/x4M S 1 Z 2
0 L
+ _
Figure 1.1: The brane-world universe
suppose M ∼MEW . If n = 2 then V
1
2
2 ∼ 1mm.
The ingenious step in RS work [4] was to consider a non-factorizable metric
(1.2) instead of a factorizable one:
ds2 = gABdx
AdxB = e−2|y|/lηµνdxµdxν + dy2, (1.2)
where l−1 is of order of M and y is the coordinate for the extra dimension,
0 ≤ y ≤ L. ηµν denotes the Minkowski metric.
Their set-up is represented in figure 1.1. It consists of two 3-branes at the
fixed points, y = 0 (the hidden brane, A) and y = L (the visible brane, B), of the
orbifold S1/Z2. Effectively the branes are the boundaries of the 5D spacetime
(bulk).
The action is
S =
1
2κ2G
∫
d5x
√−g
(
(5)R +
12
l2
)
−
∑
i=A,B
σi
∫
d4x
√
−gi brane +
∑
i=A,B
∫
d4x
√
−gi braneLimatter , (1.3)
where l is the curvature radius of AdS5, σvis, σhid are the brane tensions and κG
is κ2G = 8π
(5)GN = M
−3. (5)R denotes the 5D Ricci scalar, gi brane denotes the
induced metric on the brane.
They have proved that (1.2) is a solution of the Einstein’s equations that
result from the action (1.3), without the matter terms, and obtained the following
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relations for the brane tensions:
σhid = −σvis = 6
κ2Gl
. (1.4)
It can also be shown that for a negative tension brane observer
M2PL =M
3l
[
e2L/l − 1] . (1.5)
So if we take M ∼ mEW as a fundamental scale of the “hidden” brane (positive
tension) we can easily (without introducing other large hierarchies) obtain a scale
for gravity in the“visible” brane (negative tension) of the order 1019GeV. This is
achieved thanks to the exponential “warp” factor a(y) ≡ e−y/l.
1.2 Linearized gravity
Once we have seen this new solution for the hierarchy problem it is relevant to
discuss the characteristics of gravity in the RS model. RS also realized that
their model could provide us with an alternative to compactification, i.e., we can
reproduce Newtonian gravity even with an infinite extra-dimension.
Let us begin with the same set-up of the previous section but with the negative
tension brane (y = L) removed. We can do this simply by allowing L → +∞.
Now, an observer living on the brane will calculate the Planck mass as
M2PL =M
3l. (1.6)
As we can see the Planck mass is finite in spite of an infinite extra-dimension.
This is in contrast with the factorizable metric’s models where the Planck mass
would be infinite. As mentioned before, it is the fact that the extra-dimension
is curved that acts as an effective compactification. It could be said that the 5D
graviton only “sees” an extra-dimension of size l.
In order to determine if we recover the Newtonian potential we need to study
the behaviour of tensor perturbation hµν around the metric (1.2),
ds2 = (gAB + hAB) dx
AdxB =
(
e−2|y|/lηµν + hµν
)
dxµdxν + dy2. (1.7)
With the gauge choice hyy = hµy = 0, h
ν
µ,ν = 0 and h
µ
µ = 0, the Einstein’s
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equations at first order in the perturbation are [5, 6]:
[
e2|y|/lηµν∂µ∂ν + ∂2y −
4
l2
+
4
l
δ(y)
]
hαβ = 0. (1.8)
We may look for a solution of the form h(xµ, y) = ψm(y)e
ipµxµ (dropping
tensor indices for simplicity), with p2 = −m2. The resulting equation for ψm(y)
can be written in the form
d2ψˆm
dz2
− V (z)ψˆm = −m2ψˆm, V (z) = 15
4 (|z|+ l)2 −
3δ(z)
l
, (1.9)
where the new variable is z =
∫
a−1(y) dy and with the definition ψˆm = a−1/2ψm.
The problem now reduces to a trivial quantum mechanics’ exercise. A particle
(the 5D graviton) governed by a Schro¨dinger like equation in a“volcano” shaped
potential. The eigenvalue m = 0 corresponds the eigenfunction ψ0(y) =
e−2|y|/l√
l
.
This is the “wave function” of the massless graviton of the 4D theory and we
will see that it reproduces Newton’s potential energy between two masses on the
brane. The other eigenmodes (continuum) are plane waves, asymptotically away
from the brane, and near the brane their amplitudes are suppressed. Because of
this they are weakly coupled to the matter on the brane but they will introduce
small corrections to the standard 4D physics.
Outside a spherically symmetric source of mass M0 on the brane, the gravi-
tational potential is given by
V (r) ≈ GNM0
r
(
1 +
2l2
3r2
)
. (1.10)
This formula is valid in the limit r ≫ l and the second term is the first correction
due to the continuum of Kaluza-Klein (KK) modes.
When r ≪ l, the small scale limit, the potential reveals its pure 5D character
V (r) ≈ GNM0l
r2
. (1.11)
The best gravitational experiments available today place an upper bound of
10−1mm for l. Formulas (1.4) and (1.6) imply the inequalities
σ > 1013GeV 4, M > 108GeV. (1.12)
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So, we should not expect to find KK massive modes of the graviton in future
collider experiments.
In [6], it was proved, for the one brane case, that we do recover the linearized
Einstein’s equations and not only Newton’s theory. When we introduce a second
brane (negative tension), the KK modes no longer form a continuum but rather
have a discrete set of values. At linear order, we get a scalar-tensor theory as an
effective theory on the brane. The physics on both branes is quite different, for
example, the Newton’s constant is
G(±) =
(5)GN l
−1e±L/l
2 sinh(L/l)
, (1.13)
where (±) refers to the sign of the branes’ tension.
This scalar-tensor theory is a Brans-Dicke (BD) theory with the BD parameter
given by
ω
(±)
BD =
3
2
(
e±2L/l − 1) . (1.14)
Observations require ωBD ≫ 1 [17]. This is easily achieved on the positive
tension brane and we have a perfectly acceptable theory of gravity even without
stabilizing the BD field. In the negative tension brane (where we have an expla-
nation for the hierarchy problem) the BD parameter is always negative so this
cannot be our universe unless we stabilize the distance between the two branes.
1.3 The Einstein’s equations of the brane-world
In the previous section, we have discussed linearized gravity in the brane-world.
However for example for cosmology, we need to know the non-linear/strong be-
haviour of gravity. Here we shall obtain the full non-linear projected equations
for gravity in the brane-world. In the preceding sections, we have used Einstein’s
equations on the brane-world context but we have always assumed particular
symmetries, in the metric or in the energy momentum tensor. In this section,
following [8], we shall derive the equations that govern the brane-world dynam-
ics without assuming any symmetries. We will proceed in this manner as far as
possible and only then we will use some quite general brane-world’s hypotheses.
For any given 5-dimensional spacetime (V, gµν) and any (well behaved) 4-
dimensional hypersurface (M, qµν) embedded in this spacetime, it is possible to
write the components of the Riemann tensor of this 4D hypersurface as (Gauss’
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equation)
(4)Rαβγδ =
(5)Rµνρσq
α
µq
ν
βq
ρ
γq
σ
δ +K
α
γKβδ −Kαδ Kβγ, (1.15)
where qµν = gµν−nµnν is the projected metric on the surface, nµ is the unit normal
vector to M and Kµν is the extrinsic curvature tensor given by Kµν = q
α
µq
β
ν∇αnβ.
The Codacci’s equation reads
DνK
ν
µ −DµK = (5)Rρσnσqρµ, (1.16)
where Dµ is the covariant derivative with respect to qµν .
Gauss’ equation implies
(4)Gµν =
(4)Rµν − 1
2
qµν
(4)R
=
(
(5)Rρσ − 1
2
gρσ
(5)R
)
qρµq
σ
ν +
(5)Rρσn
ρnσqµν
+KKµν −KρνKνσ −
1
2
qµν
(
K2 −KαβKαβ
)− E˜µν , (1.17)
where
E˜µν ≡ (5)Rαβρσnαnρqβµqσν . (1.18)
The 5-dimensional Einstein’s equations are
(5)Rαβ − 1
2
g
(5)
αβR = κ
2
GTαβ , (1.19)
where Tαβ is the 5D energy momentum tensor. Using the decomposition of the
Riemann’s tensor
(5)Rµανβ =
2
3
(
gµ[ν
(5)Rβ]α − gα[ν (5)Rβ]µ
)− 1
6
gµ[νgβ]α
(5)R + (5)Cµανβ, (1.20)
where Cµανβ is the Weyl’s tensor, we obtain
(4)Gµν =
2κ2G
3
[
Tρσq
ρ
µq
σ
ν +
(
Tρσn
ρnσ − 1
4
T
)
qµν
]
+KKµν −KσµKνσ
−1
2
qµν
(
K2 −KαβKαβ
)−Eµν , (1.21)
where
Eµν ≡ (5)Cαβρσnαnρqβµqσν , (1.22)
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is traceless. The Codacci’s equation gives
DνK
ν
µ −DµK = κ2GTρσnσqρµ. (1.23)
Equation (1.21) and (1.23) are completely general and can be used in all cases.
In order to proceed, we shall assume the following brane-world’s symmetries:
• Gaussian normal coordinates, ds2 = dy2+ qµνdxµdxν , where the brane is at
y=0,
• Tµν = −Λgµν + Sµνδ(y), where Λ is the cosmological constant in the bulk
and Sµν is the distributional energy momentum tensor on the brane,
• Sµν = −λqµν + τµν , where λ is the brane’s tension and τµν is the energy
momentum tensor with the property τµνn
ν = 0.
We then impose Israel’s junction conditions [18]
[qµν ]|y=0 = 0, (1.24a)
[Kµν ]|y=0 = −κ2G
(
Sµν − 1
3
qµνS
)
. (1.24b)
The previous equations together with (1.21), assuming Z2 symmetry around the
brane, give us the effective 4D equations that replace the standard Einstein’s
equations in the brane-world context,
(4)Gµν = −Λ4qµν + 8πGNτµν + κ4Gπµν − Eµν , (1.25)
where
Λ4 =
1
2
κ2G
(
Λ +
1
6
κ2Gλ
2
)
, (1.26a)
GN =
κ4Gλ
48π
, (1.26b)
πµν = −1
4
τµατ
α
ν +
1
12
ττµν +
1
8
qµνταβτ
αβ − 1
24
qµντ
2. (1.26c)
Important comments about these equations:
• When the effective cosmological constant of the brane Λ4 is zero, it cor-
responds to the RS fine-tuning between the brane’s tension and the bulk
cosmological constant,
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• From Eq. (1.26b) it is possible to see that λ has to be positive,
• The πµν tensor is quadratic in τ and it will be important at high energies,
• There is the new Eµν term. It is zero for an AdS bulk but not zero otherwise.
Some, but not all, of its degrees of freedom are constrained by the brane’s
matter distribution as DµEµν = κ
2
GD
µπµν . These non-determined degrees
of freedom are what transforms the system in a non-closed system, i.e., we
need to solve the full 5-D Einstein’s equations and not only the 4-D effective
ones in order to evaluate Eµν ,
• A dimensional analysis of (1.25) suggests that in the low energy limit, i.e.
when the brane’s tension is much larger then the characteristic energy scale
of the matter, it simplifies to (4)Gµν ≈ −Λ4qµν +8πGNτµν (Einstein’s equa-
tion),
• From (1.23) and (1.24b) it is possible to show that energy conservation on
the brane still holds Dµτ
µ
ν = 0.
1.3.1 Cosmological scenarios
As natural, there is a myriad of cosmological models that have been suggested as
models for our universe. For a good overview of these models see [19, 20, 21] and
references therein.
Because we are interested in cosmological solutions (isotropic and homoge-
neous) we will consider the Friedman-Robertson-Walker metric
dS2(4) = qµνdx
µdxν = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (1.27)
where a(t) is the scale factor of the 3-brane. We assume the perfect fluid energy
momentum tensor form for τµν = ρtµtν + Ph
µν , where tµ is the fluid’s 4-velocity
and hµν = qµν + tµtν is the metric of the spatial surfaces orthogonal to tµ. ρ and
P are the energy density and pressure respectively. This implies that πµν is
πµν =
1
12
ρ [ρtµtν + (ρ+ 2P )hµν ] , (1.28)
and its trace is π = ρ
6
(ρ+ 3P ). A general form for Eµν respecting isotropy and
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homogeneity is
Eµν = −diag (−ρE , PE, PE, PE) . (1.29)
Eµν being traceless implies
PE =
1
3
ρE . (1.30)
It is possible to show Dµπµν = 0, hence
DµE
µ
ν = 0, (1.31)
for this cosmological solution. So (1.30) and (1.31) give us
3H (ρE + PE) + ρ˙E = 0, (1.32)
where H ≡ a˙
a
. Eq. (1.32) can be integrated to obtain
ρE = Ca
−4, (1.33)
where C is just an integration constant. With the previous results and after a few
algebraic manipulations of (1.25) we obtain the modified Friedman’s equation
H2 = − k
a2
+
Λ4
3
+
ρE
3
+
8πGNρ
3
+
κ4Gρ
2
36
, (1.34)
with ρE =
C
a4
.
The ρ2 term (comes from the quadratic term in τµν) will have important
implications in the very early universe, when the energy density is high. The ρE
term is called “dark radiation” because of its a−4 behaviour, and it is related with
the mass of a black hole that exists in the bulk.
1.4 Low energy expansion method
As we have seen in the previous section, the brane-world Einstein equations are
not easy to solve and only a few exact solutions are known. This is because
of the term Eµν . This term Eµν in the projected 4D Einstein equations makes
the system non-closed. As a consequence if one wants to find the 4D dynamics
one has to determine Eµν by solving the full 5D non-linear differential equations
[8]. Motivated by this necessity, Kanno and Soda (KS) developed a perturbative
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method to solve the 5D equations and to find Eµν . I shall now describe their
method which was applied to RS 2 branes model in [11, 12]. Because we will
consider the matter terms in (1.3), the branes will not in general be flat. Conse-
quently we cannot put both branes at y = 0 and y = l and use Gaussian normal
coordinates. The line element that captures the problem’s symmetries is
ds2 = e2φ(y,x
µ)dy2 + gµν(y, x
µ)dxµdxν . (1.35)
And so, the physical distance between the A-brane (y = 0) and the B-brane
(y = l) is
d(x) =
∫ l
0
eφ(y,x
µ)dy, (1.36)
φ(y, xµ) is the so-called radion. The 5D Einstein’s field equations are given by
e−φ
(
e−φKµν
)
,y −
(
e−φK
) (
e−φKµν
)
+ (4)Rµν −∇µ∇νφ−∇µφ∇νφ
= − 4
l2
δµν + κ
2
G
(
1
3
δµνσA+
A
T µν −
1
3
δµν
A
T
)
e−φδ(y)
+κ2G
(
1
3
δµνσB+
B
T˜ µν −
1
3
δµν
B
T˜
)
e−φδ(y − l), (1.37)
e−φ
(
e−φK
)
,y −
(
e−φKαβ
) (
e−φKαβ
)−∇α∇αφ−∇αφ∇αφ
= − 4
l2
− κ2G
3
(
−4σA+
A
T
)
e−φδ(y)− κ2G
3
(
−4σB+
B
T˜
)
e−φδ(y − l), (1.38)
∇ν
(
e−φKνµ
)−∇µ (e−φK) = 0, (1.39)
where ∇µ denotes the covariant derivative with respect to gµν and the extrinsic
curvature is Kµν = −12gµν,y. From the singular behaviour of the equations (1.37-
1.39) we find the junction conditions
e−φ [Kµν − δµνK]|y=0+ =
κ2G
2
(
−σAδµν+
A
T µν
)
, (1.40)
e−φ [Kµν − δµνK]|y=l− = −
κ2G
2
(
−σBδµν+
B
T˜ µν
)
. (1.41)
Using the definitions
e−φKµν = Σµν +
1
4
gµνQ, Q = −e−φ ∂
∂y
ln
√−g. (1.42)
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The system of equations that we will solve is:
e−φΣµν,y −QΣµν = −
[
(4)Rµν −
1
4
δµν
(4)R−∇µ∇νφ−∇µφ∇νφ
+
1
4
δµν (∇α∇αφ+∇αφ∇αφ)
]
, (1.43)
3
4
Q2 − ΣαβΣβα = (4)R +
12
l2
, (1.44)
e−φQ,y − 1
4
Q2 − ΣαβΣαβ = ∇α∇αφ+∇αφ∇αφ− 4
l2
, (1.45)
∇λΣλµ −
3
4
∇µQ = 0, (1.46)
for the bulk equations (obtained from (1.37, 1.38, 1.39)), and
[
Σµν −
3
4
δµνQ
]∣∣∣∣∣
y=0+
=
κ2G
2
(
−σAδµν+
A
T µν
)
, (1.47)
[
Σµν −
3
4
δµνQ
]∣∣∣∣∣
y=l−
= −κ
2
G
2
(
−σBδµν+
B
T˜ µν
)
, (1.48)
for the junction conditions.
In order to solve a differentiable equation using perturbation theory we need
to identify a suitable small parameter of our equations. The quantities involved
in the equations have two very distinct characteristic scales. The characteristic
length scale of the extra-dimension is l ∼ 10−2cm and gµν,y ∼ gµνl . The charac-
teristic brane’s curvature length scale is D and is given by R ∼ gµν
D2
. Then from
the 4D Einstein’s equations we see ρi ∼ 1(4)GND2 and equations (1.4, 1.6) imply
σ ∼ 1(4)GN l2 , so
ρi
σ
∼ ( l
D
)2
. Astrophysical (or cosmological) events have length
scales D ≫ l, so the natural small parameter is ǫ = ρi
σ
∼ ( l
D
)2
. This means that
the energy density of the matter is small compared to the brane’s tension but it
does not necessarily imply weak gravity.
The next steps in the derivation are completely analogous to any perturbative
scheme. We expand the unknown functions in a series
gµν(y, x
µ) = a2(y, x)
[
hµν(x
µ)+
(1)
gµν (y, x
µ)+
(2)
gµν (y, x
µ) + . . .
]
, (1.49)
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with the boundary conditions on the A-brane reading
gµν(y = 0, x
µ) = hµν(x
µ), (1.50a)
(n)
gµν (y = 0, x
µ) = 0, with n = 1, 2, · · · . (1.50b)
Then we plug them back into the initial system and we will obtain successive
systems for the different orders in ǫ. The 0th order system has the solution
ds2 = e2φ(y,x)dy2 + a2(y, x)hµν(x)dx
µdxν , (1.51)
with a(y, x) = exp
[−1
l
∫ y
0
dyeφ(y,x)
]
. To proceed we will assume φ(y, x) ≡ φ(x)
thus a(y, x) = exp
[−y
l
eφ
]
. In the 1st order system, the curvature term that has
been ignored in the 0th order calculation comes into play. After solving the set
of equations, it is possible to show that
(1)
g µν is written in terms of hµν(x), φ(x)
and an integration constant χµν(x) (traceless and transverse) that basically is the
Weyl’s tensor contribution. The junction condition for the A-brane gives
l
2
Gµν(h) + χ
µ
ν =
κ2G
2
A
T µν , (1.52)
where χµν is called generalized dark radiation tensor and contains the effect of the
bulk and the second brane. Combining (1.52) and its analogy for the B-brane
one obtains
Gµν (h) =
κ2G
lΨ
A
T µν +
κ2G (1−Ψ)
lΨ
B
T µν +
1
Ψ
(
Ψ
|µ
|ν − δµνΨ|α|α
)
+
ω(Ψ)
Ψ2
(
Ψ|µΨ|ν − 1
2
δµνΨ
|αΨ|α
)
, (1.53)
where Ψ ≡ 1− Ω2 ≡ 1− e−2eφ and ω(Ψ) = 3
2
Ψ
1−Ψ . The radion field obeys
✷Ψ =
κ2G
l
A
T +
B
T
2ω + 3
− 1
2ω + 3
dω
dΨ
Ψ|µΨ|µ. (1.54)
The important point about equations (1.53) and (1.54) is that they do not include
the Weyl’s tensor term χµν , although, they include the energy momentum tensor
of the B-brane, KS called this theory “quasi-scalar-tensor” gravity.
Equations (1.53) and (1.54) are the only equations we need to solve to deter-
mine the full spacetime dynamics. Let us see what these equations tell us about
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the cosmology.
Because we are interested in isotropic and homogeneous cosmological models
we will choose h to be the FRW metric. We will assume that the matter on
the branes has a perfect fluid form and so the energy momentum tensor of the
A-brane and B-brane will be respectively
A
T µν = diag(−ρA, PA, PA, PA), (1.55a)
B
T µν = Ω
2diag(−ρB, PB, PB, PB), (1.55b)
where the Ω2 factor results from the fact that the B-brane’s metric is Ω2hµν .
The symmetries imply that Ψ only depends on time. Using the physical distance
between branes instead of Ψ (related through Ψ = 1− e−2d/l) we can write (1.53)
as
3
(
1− e−2d/l)(H2 + k
a2
)
=
κ2G
l
(
ρA + ρBe
−4d/l)+3 d˙
l
(
d˙
l
− 2H
)
e−2d/l, (1.56a)
− (1− e−2d/l)(2 a¨
a
+H2 +
k
a2
)
=
κ2G
l
(
PA + PBe
−4d/l)
+e−2d/l
(
2d¨
l
− d˙
2
l2
+
4Hd˙
l
)
, (1.56b)
and equation (1.54) as
d¨− d˙
2
l
+ 3Hd˙ = κ2G
(ρA − 3PA) + (ρB − 3PB) e−2d/l
6
. (1.57)
Combining these three last equations we can find
a¨
a
+H2 +
k
a2
=
κ2G
6l
(ρA − 3PA) . (1.58)
If we assume the equation of state PA = ωρA, the usual energy conservation laws
in the A-brane imply ρA ∼ a−3(1+ω). Now (1.58) can be integrated once to give
H2 =
κ2G
3l
ρA − k
a2
+
C
a4
. (1.59)
This is the well known low energy limit of the modified Friedman’s equation that
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we have already encountered before in subsection 1.3.1. Once again C appears
just as an integration constant.
As a last remark, I should point out that the effective equations of motion for
gravity on the brane can be consistently derived from the action
S =
l
2κ2G
∫
d4x
√−h
(
ΨR− ω(Ψ)
Ψ
Ψ|αΨ|α
)
+
∫
d4x
√−hLA +
∫
d4x
√−h (1−Ψ)2 LB. (1.60)
The solutions at higher orders in the method will be left out of this introductory
chapter, see [11, 12] for further details.
In the next three chapters of this thesis we will apply the gradient expansion
method that we have just presented to obtain the 4D effective theory of gravity
for three models with different number of extra-dimensions and different physical
properties. The models that we will study are: a 5D dilatonic two brane model
that reduces to the Horˇava-Witten theory and to the Randall-Sundrum model
for a particular choice of parameters, a 6D supergravity model and the 10D type
IIB supergravity. The next three sections of this introduction shall be devoted
to the presentation of the essential features of these three models.
1.5 The Horˇava-Witten theory
In this section we will introduce the general features of the Horˇava-Witten theory
[2, 22]. Horˇava and Witten showed that the eleven-dimensional limit of M-theory
compactified on S1/Z2 orbifold can be identified with the strongly coupled 10D
E8×E8 heterotic string theory with two orbifold fixed planes (branes). This model
provides a natural setup in which standard model matter fields are localized on
the branes. A schematic representation of this model can be found in figure 1.2.
Witten also showed that this theory can be consistently compactified so that the
universe appears as a 5D spacetime with two boundary branes [23]. The six extra
dimensions were compactified in a Calabi-Yau manifold and the action of the 5D
effective theory was derived [3, 24]. These references showed that although the
dimensional reduction of the graviton and the 4-form flux generate a large number
of fields, it is consistent to retain only the 5D graviton and a scalar field φ. This
scalar field is related to the volume of the Calabi-Yau manifold as VCY = e
φ. The
CHAPTER 1. INTRODUCTION TO THE BRANE-WORLD 28
Z 2 Z 2
Ma
tter
4D 4D
Ma
tter
11D
6D 6D
Figure 1.2: The 11D Horˇava-Witten theory compactified on a S1/Z2 orbifold with
two end of the world branes. The six small extra dimensions are compactified on
a Calabi-Yau.
resulting dimensionally reduced effective action in the bulk is
Sbulk =
1
2κ2G
∫
d5x
√−g5
(
(5)R− ∂Mφ∂Mφ+ Vbulk(φ)
)
, (1.61)
where κ2G denotes the 5D gravitational constant and Vbulk is the potential of the
bulk scalar field. It is given by
Vbulk(φ) = −σ
2
3
e−2
√
2φ, (1.62)
where σ is the tension of the 3-brane.
The topology of the 5D spacetime is S1/Z2 × M4 where M4 is a smooth
manifold. We label the coordinate of the extra dimension by y and the two
endpoints of this space are located at y = 0 and y = r. We place the positive
tension brane at y = 0 and the negative tension brane at y = r. The branes’
actions are given as
S+ = −
√
2
κ2G
σ
∫
d4x
√−g4e−
√
2φ, S− =
√
2
κ2G
σ
∫
d4x
√
−g˜4e−
√
2φ, (1.63)
where the subscript plus or minus refers to the tension of the respective brane,
so that for instance S+ denotes the action of the positive tension brane.
The cosmological evolution of this model including matter on the branes and
CHAPTER 1. INTRODUCTION TO THE BRANE-WORLD 29
arbitrary potentials on the branes and in the bulk have been studied in [25]. In
[25], the authors also obtain the 4D effective equations that govern the low-energy
dynamics of the brane-worlds. Reference [26] showed that this model possesses
a unique global solution that represents the collision of the branes. They also
showed that away from the collision the Riemann curvature is bounded and they
argued that it offers the prospect of modelling the big bang singularity as a brane
collision in an higher-dimensional spacetime. This scenario is called Ekpyrotic
universe and early proposals can be found in [27, 28]. Some dynamical solutions
have been found [29], but they are unstable. In these solutions both branes
collide with a time-like naked singularity resulting in the annihilation of the entire
spacetime. In the next chapter, we shall investigate the origin of this instability
using the gradient expansion method. We shall obtain the 4D effective theory
and we will show that the previous exact dynamical solutions can be reproduced
within the 4D theory.
1.6 The self-tuning 6D brane-world
1.6.1 The 6D Einstein-Maxwell model
Co-dimension two brane-worlds in a 6D bulk have recently attracted much atten-
tion as they possess the remarkable property that the brane’s tension does not
curve the 4D spacetime but its only effect is in the extra-dimension, see [30] for a
review. This property was called self-tuning and was interpreted as a promising
solution for the cosmological constant problem.
In Chapter 3 we will study a 6D supergravity brane-world model and we shall
obtain the low energy effective theory. Before as an introduction let us see what is
the cosmological constant (CC) problem and how the 6D Einstein-Maxwell model
tries to solve it. The CC problem consists in the huge difference between the value
of the vacuum energy density predicted by particle physics, ρvac ∼ (TeV )4 and
the observed value of ρvac ∼ (10−3eV )4. There is no convincing explanation of
why the observed value is so small and why does the CC only started to dominate
the energy density of the universe recently.
In the 6D Einstein-Maxwell model [31], the action is
S =
∫
d6x
√−g
(
M46
2
(6)R − Λ6 − 1
4
FabF
ab
)
, (1.64)
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where M6 is the 6D Planck mass, Λ6 is the 6D cosmological constant and Fab
is a Maxwell field that is used to stabilize the size of the extra-dimensions. (6)R
denotes the 6D Ricci scalar. The ansatz for the line element is
ds2 = ηµνdx
µdxν + γijdx
idxj , (1.65)
where ηµν denotes the Minkowski metric and γij denotes the internal metric. The
gauge field is chosen to have non-zero components only in the compact directions
and it takes the form
Fij =
√
γB0ǫij , (1.66)
where B0 is a constant, γ is the determinant of γij and ǫij is the Levi-Civita
tensor. A static and stable solution is [31],
γijdx
idxj = a20
(
dθ2 + sin2θdϕ2
)
, (1.67)
where the radius of the 2-sphere a0 and the magnetic field strength B0 are given
in terms of the bulk cosmological constant as
a20 =
M46
2Λ6
, B20 = 2Λ6. (1.68)
In order to have a 4D Minkowski spacetime, B0 has to be tuned to the value of
the bulk’s CC. A different value of B0 would induce a de-Sitter or anti-de-Sitter
4D geometry. This is the CC problem.
Now we can introduce branes with tension at the poles of the sphere. The
branes’ action is
Sbranes = −σ
∫
d4x
√
g, (1.69)
where σ is the branes’ tension. The inclusion of branes will only modify the
extra-dimensions geometry to that of a “rugby ball”
γijdx
idxj = a20
(
dθ2 + α2sin2θdϕ2
)
, (1.70)
where
α = 1− σ
2πM26
. (1.71)
The internal space can de depicted as a sphere with a wedge (stretching from the
north pole to the south pole) taken out and the open sides glued together, see
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Figure 1.3: The rugby ball geometry with two branes of tension σ at the conical
singularities.
Figure 1.3. In other words, the branes introduce a deficit angle δ = 2π(1− α) in
the sphere. Now, we can easily see that the 4D geometry is independent of the
branes’ tension σ. The branes’ vacuum energy does not curve the 4D spacetime
as it would in 4D general relativity. This property was called self-tuning. It does
not solve the CC problem because we still need to tune the value of B0, but this
idea looks promising as it breaks the standard relation between the 4D vacuum
energy and the curvature of the 4D spacetime. Also, if the self-tuning mechanism
worked, it would push the value of the CC to zero but we would still have to find
a way to generate a small CC to agree with observations.
There are several objections to the idea of self-tuning [32]. The simplest
argument is as follows. Suppose that we have tuned the initial value of B0 to B
2
0 =
2Λ6 and suppose that the branes’ tension were to change from an initial value to
a different final value. This would imply that the area of the extra-dimensions
(4πα) would change too, because α is a function of σ. On the other hand, the
magnetic flux in the internal space has to be conserved, this necessarily implies
that the final magnetic field strength cannot satisfy B20final = 2Λ6. Therefore
the 4D spacetime will no longer be a static Minkowski spacetime but rather a
time-dependent spacetime.
1.6.2 Supersymmetric large extra-dimensions
In the previous subsection, we have seen that the failure of the self-tuning is
directly related to the tuning of the magnetic field strength with the bulk CC,
which is necessary to obtain 4D Minkowski spacetime. The so-called supersym-
metric large extra-dimension (SLED) model was proposed to try to address this
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problem. For excellent review articles see [30, 33, 34].
The action of this model is similar to the action of the Einstein-Maxwell model
with an additional field φ, the dilaton, it reads
S =
∫
d6x
√
−(6)g
[
M46
2
(
(6)R− ∂aφ∂aφ
)− eφΛ6 − 1
4
e−φFabF ab
]
. (1.72)
Comparing this model with the Einstein-Maxwell model it is easy to see that
there exists a solution with φ = φ0, where φ0 is a constant. It is also a solution
of the Einstein-Maxwell model with the rescalings Λ6 → Λ6e−φ, B20 → B20eφ,
provided that φ is at the minimum of its potential
V ′(φ0) = −1
2
B20e
−φ0 + Λ6eφ = 0. (1.73)
This is the condition to have a flat geometry on the brane B20e
−φ0 = 2Λ6eφ.
In other words, at the minimum, the vacuum energy is zero and therefore the
geometry is Minkowski, this was called self-tuning.
As before, there are several objections to the idea of self-tuning, for example,
Refs. [32, 35] derived the 4D effective theory using the metric ansatz
ds2 = gµν(x)dx
µdxν +M−26 e
−2ψ(x) (dr2 + sin2rdθ2) , (1.74)
and φ = φ(x). The 4D effective potential is found to be
V (ψ, φ) =M−46 e
σ2U(σ1), U(σ1) =
B20
2α2
e−2σ1 − 2M26 e−σ1 + 2Λ6, (1.75)
where σ1 = 2ψ + φ, σ2 = 2ψ − φ and α is related to the branes’ tension as
α = 1 − σ
2πM26
. They argued that if we start with a configuration in which
V (ψ, φ) = 0, and if we change the branes’ tension to a different final value then
V (ψ, φ) will be different from zero and σ2 will have a runaway potential. The 4D
spacetime becomes non-static.
This argument against self-tuning has raised criticisms [35]. For example, it
is argued that the metric ansatz (1.74) is restrictive. There is a known class of
static solutions with warping in the bulk that cannot be described by this ansatz.
These solutions might play a role if self-tuning is to work. Chapter 3 is dedicated
to the study of some aspects of this model and we shall derive the low energy
effective theory including warping.
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Figure 1.4: A warped throat compactification.
1.7 Warped compactifications in Type IIB su-
pergravity
In chapter 4, we will present a method to obtain the 4D effective theory for warped
compactifications including fluxes and branes in the 10D type IIB supergravity.
In this section we shall introduce the general idea of warped compactification in
type IIB supergravity (sugra). For further details about type IIB sugra we refer
the reader to chapter 4 or to the extensive literature on the subject [36, 37, 38]
and references therein.
The desire of embedding the Randall and Sundrum (RS) solution to the hi-
erarchy problem in a string theory compactification was fulfilled with the work
of Giddings, Kachru and Polchinski (GKP) [13]. They realized that a warped
string compactification can generate a large hierarchy between the electroweak
scale and the Planck scale in a similar way to the RS model [4]. To generate
the warping of the extra-dimensions they needed to use not only positive tension
objects like D3 branes but also negative tension objects. Figure 1.4 is a schematic
representation of their model.
They start with a 10D spacetime, with six of the dimensions compactified in
a Calabi-Yau manifold. In some region of the internal space, a throat develops.
Fluxes and branes curve this space, giving origin to a warp factor h(y). Their
solution for the metric is
ds210 = h
− 1
2 (y)ηµνdx
µdxν + h
1
2 (y)γmn(y)dy
mdyn, (1.76)
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where γmn and y
m denote a Calabi-Yau metric and the coordinates of the extra-
dimensions respectively. xµ denotes the four-dimensional coordinates. The throat
region of the spacetime is given by the solution found by Klebanov and Strassler
[39] and it is well approximated by a 5D anti-de-Sitter spacetime with the re-
maining five extra-dimensions compactified in a small 5-sphere. In this region
the RS mechanism of solving the hierarchy problem works as before.
These warped compactifications also provide models of inflation, where the
inflaton is identified with the position of a brane in the extra-dimension r, where
r is a radial direction and it corresponds to one of the ym. Brane-inflation models
will be discussed in the chapter 5.
Chapter 2
Moduli instability in warped
compactification
2.1 Introduction
The idea of using the degrees of freedom of extra spatial dimensions to unify grav-
ity and the other interactions has attracted much interest. Especially, M-Theory
has the potential to achieve this ultimate goal. Horˇava and Witten showed that
M-Theory compactified as S1/Z2×M10 reduces to a known string theory (E8×E8
Heterotic String) [2]. From a low energy effective theory point of view, this model
has a 5D spacetime (the bulk) with two 4D boundary hypersurfaces (the branes)
[3]. The remaining six spatial dimensions are assumed to be compactified. All
the Standard Model particles are confined to the branes while gravity can prop-
agate in the bulk. As a consequence of the compactification of the six spatial
dimensions, a 5D effective scalar field appears in the bulk, which describes the
volume of the compactified 6D space.
A novel aspect of this model is that the fifth dimension is not homogeneous.
The line element for a static solution is given in the form ds25 = h
α(r)dr2 +
hβ(r)ds24(x), where r is the fifth coordinate, α, β are constants and h is called
the warp factor. In the previous chapter, we showed how this warped geometry
was used by Randall and Sundrum [5] to address the hierarchy problem. They
have also showed that it is possible to localize gravity around the brane with the
warped geometry, providing in this way an alternative to compactification [4].
A new class of dynamical solutions that describes an instability of the warped
geometry has been found. Chen et al. noticed that it is possible to obtain a
35
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dynamical solution by replacing the constant modulus in the warp factor h by a
linear function of the 4D coordinates [29]. This solution describes an instability
of the model as the brane will hit the singularity in the bulk, where h = 0. This
kind of solution exists also in the 10D type IIB supergravity [40].
In this chapter, we study the moduli instability in a dilatonic two brane model,
where the potentials for the scalar field on the brane and in the bulk obey the
Bogomol’nyi-Prasad-Sommerfield (BPS) condition [41]. For particular values of
parameters we retrieve either the Horˇava-Witten theory or the Randall-Sundrum
model. We identify the origin of the moduli instability using a 4D effective
theory derived in Ref. [25] (see Refs. [42] and [43] for different approaches).
This effective theory is derived by solving the 5D equations of motion using the
gradient expansion method [12, 44, 45], where we assume that the velocities of
the branes are small compared with the curvature scale of the bulk determined
by the warp factor.
Despite the fact that the 4D effective theory is based on a slow-motion approx-
imation, we will show that the 5D exact solutions can be reproduced in the 4D
effective theory. In order to understand the relation between 4D solutions in an
effective theory and full 5D solutions, we revisit the gradient expansion method
by employing a new metric ansatz. Using this metric ansatz, we can clearly see
why the moduli instability solution in the 4D effective theory can be lifted to an
exact 5D solution.
We also comment on a claim that the 4D effective theory allows a much wider
class of solutions than the 5D theory [46]. We disagree with that conclusion and
we show that it is based on the restricted form of the 5D metric ansatz used in
Ref. [46]. Using our metric ansatz, we provide a way to lift solutions in the 4D
effective theory to 5D solutions perturbatively in terms of small velocities of the
branes.
The structure of this chapter is as follows. In section 2.2, the model under
consideration is described in detail. In section 2.3, we identify the solution in
the 4D effective theory that describes the moduli instability. In section 2.4, we
revisit the gradient expansion method to derive the 4D effective theory. We
propose a new metric ansatz which is useful to relate 4D solutions in the effective
theory to 5D solutions. Using this formalism we explain why the 4D solution for
the moduli instability can be lifted to an exact 5D solution. In section 2.5, we
comment on the arguments against the 4D effective theory. Section 2.6 is devoted
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to conclusions.
2.2 The model
Our model consists of a 5D spacetime (bulk) filled with a scalar field. The fifth
dimension is a compact space S1 with a Z2 symmetry (i.e. identification r → −r)
and will be parameterized by the coordinate r, 0 ≤ r ≤ L. The bulk action takes
the form
Sbulk =
1
2κ2G
∫
d5x
√−g5
[
5R−∇Mϕ∇Mϕ+ Vbulk(ϕ)
]
, (2.1)
where κG denotes the 5D gravitational constant. Throughout this work Latin
indices can have values in {r, t, x, y, z}, while Greek indices do not include the
extra dimension coordinate r. The scalar field potential will be
Vbulk(ϕ) = −
(
b2 − 2
3
)
e−2
√
2bϕσ2, (2.2)
where σ and b are the remaining parameters of this model. We can retrieve
either the Randall-Sundrum model (b = 0) or the Horˇava-Witten model (b = 1)
according to the value of b. The orbifold S1/Z2 has two fixed points, at r = 0
and r = L, and we can put branes there. The branes’ action is
Sbranes = S+ + S−, (2.3)
where S+ and S− are the positive and negative tension brane action, respectively.
They are given by
S± = ∓
√
2
κ2G
∫
d4x
√−g4e−
√
2bϕσ. (2.4)
The action of our model is
Stotal = Sbulk + Sbranes. (2.5)
A schematic picture of our model is shown in Fig. 2.1
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Figure 2.1: The dilatonic brane-world universe
2.3 Exact solutions for moduli instability in 4D
effective theory
2.3.1 The exact 5D solution
Exact static solutions for the equations of motion that result from (2.5) were
obtained in [41]. An interesting dynamical solution was found by Chen et al.
[29]. They noticed that if we add a linear function of time to the warp factor of
the solution of [41], it would still be a solution of the equations of motion. Their
exact 5D solution reads
dS25 =
(
hτ − |r|
l
) 6b2−2
3b2+1
dr2 +
(
hτ − |r|
l
) 2
3b2+1
ηµνdx
µdxν , (2.6)
ϕ =
3
√
2b
3b2 + 1
ln
(
hτ − |r|
l
)
, l =
3
3b2 + 1
√
2
σ
, (2.7)
where h is an arbitrary constant.
From the above equations we can read the scale factor of the positive tension
brane (r = 0) as
a2+(τ) = (hτ)
2
3b2+1 , (2.8)
and the scalar field as
ϕ(r = 0, τ) =
3
√
2b
3b2 + 1
ln(hτ). (2.9)
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Let us choose h < 0 and τ < 0. In this case the proper distance between
branes, the so-called radion, is decreasing according to
R =
∫ L
0
(
hτ − r
l
) 3b2−1
3b2+1
dr = l
3b2 + 1
6b2
(hτ)
6b2
3b2+1

1− (1− L/l
hτ
) 6b2
3b2+1

 . (2.10)
When τ → −∞,R → L (hτ) 3b
2−1
3b2+1 and for τ = L/hl,R = l(3b2+1) (L/l) 6b
2
3b2+1 /6b2.
Before the two branes collide, a curvature singularity will appear in the negative
tension brane (r = L) at τ = L/hl. This singularity will move towards the
positive tension brane and will reach it at τ = 0. This event represents the total
annihilation of the spacetime.
It is useful to note that if we drop the modulus sign in (2.6), the bulk spacetime
is a static black brane or black hole solution depending on b, see [29] for more
details. If b = 1, there is a timelike curvature singularity at hτ = |r|/l. From
the static bulk point of view, the two branes are moving in this static bulk and
the negative tension brane first hits the singularity. Even if the bulk spacetime
is static, the existence of the branes, which gives the modulus sign for r, makes
the spacetime truly time dependent.
Moduli instability is a serious problem for these types of model. In this work,
we will try to understand it from a 4D effective theory viewpoint.
2.3.2 The exact solutions in 4D effective theory
In [25], Kobayashi and Koyama applied the gradient expansion method to solve
perturbatively the 5D equations of motion resulting from (2.5). Their 0th order
solution reads
dS25 = d(t)
2e2
√
2bφ(t)dr2 + F(r, t) 13b2 hµν(t)dxµdxν , (2.11)
ϕ(r, t) =
1√
2b
lnF(r, t) + φ(t), F(r, t) = 1−
√
2b2d(t)σ|r|. (2.12)
The main result of the paper is a set of equations involving only four dimensional
quantities that describe the dynamics of the unknown functions d(t), hµν(t) and
φ(t), appearing in Eqs. (2.11) and (2.12). It can be shown that their dynamical
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equations can be consistently deduced from the following action
Seff =
l
2κ2G
∫
d4x
√−he
√
2bφ
[
ψR(h)− 3
2(1 + 3b2)
1
1− ψ∇αψ∇
αψ − ψ∇αφ∇αφ
]
,
(2.13)
where here ∇α means the covariant derivative with respect to hµν and ψ =
1 − (1− d) 3b
2+1
3b2 . This is the action we obtain if we substitute Eqs. (2.11) and
(2.12) into (2.5) and integrate over the extra dimension [42].
Performing the conformal transformation hµν = e
−√2bφfµν/ψ and defining new
scalar fields as
ψ = 1− tanh2
[√
1 + 3b2
6
Ψ
]
, (2.14)
φ =
Θ√
1 + 3b2
+ λ lnψ, λ ≡ − 3√
2
b
3b2 + 1
, (2.15)
we arrive at the action in the Einstein frame
SE =
l
2κ2G
∫
d4x
√
−f [R(f)−Θ|αΘ|α −Ψ|αΨ|α] . (2.16)
It is clear that the moduli fields have no potential and this is the origin of the
instability. We are interested in cosmological solutions so we choose fµν to be a
flat FRW metric. The Einstein equations resulting from the action (2.16) are
a′′
a
= −1
6
(
Ψ′2 +Θ′2
)
,
(
a′
a
)2
=
1
6
(
Ψ′2 +Θ′2
)
. (2.17)
and the equations of motion for the scalar fields are
Ψ′′ + 2
a′
a
Ψ′ = 0, Θ′′ + 2
a′
a
Θ′ = 0, (2.18)
where a(τ) is the FRW scale factor and the prime denotes derivative with respect
to the conformal time τ . Equations (2.17,2.18) can be easily integrated to find
Ψ(τ) =
√
6
3b2 + 1
α ln a2 + γ, Θ(τ) =
√
1 + 3b2β ln a2 + δ, a2(τ) = ξτ + ζ,
(2.19)
α2 +
(1 + 3b2)2
6
β2 = 1 + 3b2, (2.20)
where α, β, γ, δ, ζ and ξ are integration constants. The solutions for the fields
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in the original frame can be obtained as
d(τ) = 1−
[
(µτ + ν)2α − 1
(µτ + ν)2α + 1
] 6b2
3b2+1
, (2.21)
φ(τ) = ln
[
(µτ + ν)2αλ(b)+β
[(µτ + ν)2α + 1]2λ(b)
]
+ ̺, (2.22)
where λ(b) is defined in Eq. (2.15) and integration constants µ, ν, ̺ are redefined
from ξ, ζ , γ and δ. The radion is calculated as
R(τ) = 1√
2b2σ
d(τ)e
√
2bφ(τ), (2.23)
and the square of the scale factor on the positive tension brane is
a2+(τ) =
e−
√
2bφ(τ)
ψ(τ)
a2(τ). (2.24)
We have found the remarkable fact that for a particular choice of the integration
constants we can reproduce the exact solution found by Chen et al. described in
the previous section. If we choose integration constants obeying the relations
α =
1
2
, β = −λ(b), µ = 2hl
L
, ν = −1, (2.25)
we get the same 4D quantities (scale factor and scalar field on the positive tension
brane) and radion as the Chen et al. solution, Eqs. (2.8, 2.9, 2.10).
For this solution, the scale factor in the Einstein frame is given by
a2(τ) =
2L
l
(
hτ − L
2l
)
. (2.26)
If we take h < 0, τ < 0, this corresponds to a collapsing universe, due to the
kinetic energy of the scalar fields. At τ = L/2hl < 0, the universe in the Einstein
frame reaches the Big-bang singularity. However, we should be careful to interpret
this singularity. In fact, in the original 5D theory, τ = L/2hl does not correspond
to any kind of singularity. In 5D theory, the negative tension brane hits the
singularity at τ = L/hl and the positive tension brane hits the singularity at
τ = 0. In fact at τ = L/2hl, ψ = 0 and so the conformal transformation becomes
singular and the Einstein frame metric loses physical meaning.
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2.4 Gradient expansion method with a new met-
ric ansatz
In the previous section, we found that the exact solution derived in [29] can be
reproduced from the 0th order of the perturbative method. In this section, we will
revisit the gradient expansion method which is used to derive the effective theory
to clarify the reason why the exact solution derived in [29] can be reproduced
within the 4D effective theory.
2.4.1 5D Equations
In this subsection we study the 5D equations of motion. From the action (2.5)
we derive the Einstein’s equations
5GAB = ∇Aϕ∇Bϕ+ 1
2
gAB
[−∇Cϕ∇Cϕ+ Vbulk(ϕ)]
+
√
2σ
[
−
√
g4√
g5
gµνδ
µ
Aδ
ν
Be
−√2bϕδ(r) +
√
g4√
g5
gµνδ
µ
Aδ
ν
Be
−√2bϕδ(r − L)
]
.
(2.27)
Assuming that the 5D line element has the form
dS25 = gAB(X)dX
AdXB = grr(x, r)dr
2 + gµν(x, r)dx
µdxν , (2.28)
(x dependence means dependence of all the other coordinates {x, y, z, t}, except
the extra dimension r) we can extract the junction conditions for the metric
tensor from Einstein’s equation,
√
grr (Kµν − δµνK)
∣∣∣∣∣r=0+
r=L−
= ∓ 1√
2
σe−
√
2bϕδµν
∣∣∣∣∣r=0+
r=L−
, (2.29)
where the extrinsic curvature Kµν is defined by Kµν = −12∂rgµν . The scalar field
equation of motion is
✷ϕ+
√
2b
(
b2 − 2
3
)
σ2e−2
√
2bϕ = −2bσ
[√
grre−
√
2bϕδ(r)−√grre−
√
2bϕδ(r − L)
]
,
(2.30)
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and so the junction conditions for the scalar field are
√
grr∂rϕ
∣∣∣∣∣r=0+
r=L−
= ∓bσe−
√
2bϕ
∣∣∣∣∣r=0+
r=L−
. (2.31)
In order to proceed we shall assume that the 5D line element has further
symmetries, described by
dS25 = e
2
√
2bϕ˜(x,r)H
6b2−2
3b2+1 (x, r)dr2 +H
2
3b2+1 (x, r)g˜µνdx
µdxν , H(x, r) = C(x)− r
l
.
(2.32)
In this section, we will assume that the position of the second brane is r = L = l.
For the scalar field we will assume the form
ϕ(x, r) =
3
√
2b
3b2 + 1
lnH + ϕ˜(x, r). (2.33)
This metric ansatz is inspired by the time dependent solution (2.6,2.7) of Chen
et al. [29]. Their solution was found by replacing the modulus parameter in the
static solution by a linear function of time. In the same manner, we introduce an
x dependence in H through the modulus parameter C(x) in a covariant way . We
also introduce the function ϕ˜ for the scalar field moduli. In order to satisfy the
junction conditions (2.31) we must have the exponential factor in the grr metric
component. The tensor g˜µν is left completely general.
After some mathematical manipulations of the Einstein equations we obtain
1
l
e−2
√
2bϕ˜H
−9b2+1
3b2+1
(
3b2 − 5
3b2 + 1
K˜µν −
1
3b2 + 1
δµν K˜
)
−
√
2be−2
√
2bϕ˜H
−3b2+1
3b2+1 ϕ˜,r
(
1/l
3b2 + 1
H
−6b2
3b2+1 δµν +H
−3b2+1
3b2+1 K˜µν
)
−H −3b
2−3
3b2+1
(
C
|µ
|ν +
1
3b2 + 1
C
|α
|αδ
µ
ν
)
−H− 23b2+1
[√
2bϕ˜
|µ
|ν +
(
2b2 + 1
)
ϕ˜|µϕ˜|ν
]
−
√
2b
3b2 + 1
H
−3b2−3
3b2+1
[(
3b2 + 1
) (
ϕ˜|µC|ν + ϕ˜|νC |µ
)
+ ϕ˜|αC|αδµν
]
+e−2
√
2bϕ˜H
−6b2+2
3b2+1
(
K˜µν,r − K˜K˜µν
)
+H
− 2
3b2+1Rµν (g˜) = 0, (2.34)
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1
l
3b2 − 3
3b2 + 1
e−2
√
2bϕ˜H
−9b2+1
3b2+1 K˜ + e−2
√
2bϕ˜H
−6b2+2
3b2+1
(
K˜,r − K˜αβK˜αβ
)
+e−2
√
2bϕ˜H
−6b2+2
3b2+1 ϕ˜,r
(
1
l
2
√
2b
3b2 + 1
H−1 −
√
2bK˜ − ϕ˜,r
)
−H −3b
2−3
3b2+1
(
3b2 − 1
3b2 + 1
C
|α
|α +
6
√
2b3
3b2 + 1
ϕ˜|αC|α
)
−
√
2bH
− 2
3b2+1
(
ϕ˜
|α
|α +
√
2bϕ˜|αϕ˜|α
)
= 0, (2.35)
K˜αβ|α − K˜|β +
√
2b
(
ϕ˜|βK˜ − ϕ˜|αK˜αβ
)
+H−1
(
3b2 − 2
3b2 + 1
C|βK˜ − 3b
2 − 5
3b2 + 1
C|αK˜αβ
)
= −ϕ˜,r
(
3
√
2b
3b2 + 1
H−1C|β + ϕ˜|β
)
, (2.36)
where K˜µν is defined like K˜µν = −12∂r g˜µν , K˜ is the trace of K˜µν , |α denotes
covariant derivative with respect to g˜µν and Rµν(g˜) is the Ricci tensor of g˜µν .
Equation (2.30) transforms into
e−2
√
2bϕ˜H
−3b2+5
3b2+1
[
ϕ˜,rr −
√
2b (ϕ˜,r)
2 − ϕ˜,rK˜ + 1
l
3
√
2b
3b2 + 1
H−1K˜ +
1
l
9b2 − 5
3b2 + 1
H−1ϕ˜,r
]
+Hϕ˜
|α
|α +
3
√
2b
3b2 + 1
C
|α
|α +
√
2bHϕ˜|αϕ˜|α +
9b2 + 1
3b2 + 1
ϕ˜|αC |α = 0. (2.37)
With this particular ansatz the junction conditions (2.29,2.31) are significantly
simplified and read [
K˜µν
]∣∣∣∣∣r=0+
r=l−
= 0, (2.38)
[ϕ˜,r]
∣∣∣∣∣r=0+
r=l−
= 0. (2.39)
It is impossible to solve these equations in general, so in the next section,
we will solve them using the gradient expansion method up to first order in the
perturbations.
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2.4.2 The gradient expansion
The approximation
In order to use perturbation theory to solve a system of differential equations
we need to identify the characteristic scale of the different terms involved in the
equations and then see if there is a small parameter.
The derivatives along the extra dimension of the conformal metric g˜µν as well
as the derivative of ϕ˜ are of order 1/l. Typically, we take l to be of order of a few
tenths of a millimeter. If the characteristic brane’s curvature length scale is D
then ∂2x g˜µν ∼ 1/D2g˜µν . We assume that variations along the branes’ coordinates
are small in comparison with 1/l. This implies that the radion changes slowly or
that the speed of the branes is small. More precisely, our small parameters will
be
l2∂2x(. . .)≪ 1 and (l∂x . . .)2 ≪ 1, (2.40)
where . . . represents the conformal metric functions, C or ϕ˜.
As in the usual perturbation method, we expand the unknown functions in a
series
g˜µν(r, x) =
(0)
g˜ µν (r, x)+
(1)
g˜ µν (r, x) + · · · , (2.41)
ϕ˜(r, x) =
(0)
ϕ˜ (r, x)+
(1)
ϕ˜ (r, x) + · · · . (2.42)
We impose the boundary conditions at the position of the positive tension brane
(n)
g˜ µν (r = 0, x) = 0, for all n > 0, (2.43)
(n)
ϕ˜ (r = 0, x) = 0, for all n > 0. (2.44)
Other quantities are naturally expanded as
K˜µν =
(0)
K˜µν +
(1)
K˜µν + · · · . (2.45)
In practical terms, at zeroth order in the gradient expansion method we ignore
all derivatives along the branes’ coordinates. These terms will only enter the first
order equations. At zeroth order, the 5D partial differential equations of motion
reduce to simpler ordinary differential equations on the extra dimension coordi-
nate. The gradient expansion method has also been used in the 4D cosmological
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context [47, 48, 49, 50, 51].
0th Order (Background geometry)
The 0th order system can be easily integrated with respect to the extra dimension
coordinate r to get the particular solution
(0)
g˜µν (r, x) =
(0)
g˜µν (x), (2.46)
(0)
ϕ˜ (r, x) =
(0)
ϕ˜ (x). (2.47)
This solution clearly satisfies the 0thorder junction conditions.
1st Order
At 1st order the evolution equations are
1
l
e−2
√
2b
(0)
ϕ˜H
−9b2+1
3b2+1
(
3b2 − 5
3b2 + 1
(1)
K˜µν −
1
3b2 + 1
δµν
(1)
K˜
)
+ e−2
√
2b
(0)
ϕ˜H
−6b2+2
3b2+1
(1)
K˜µν,r
−H −3b
2−3
3b2+1
(
C
|µ
|ν +
1
3b2 + 1
C
|α
|αδ
µ
ν
)
−H− 23b2+1
[√
2b
(0)
ϕ˜
|µ
|ν +
(
2b2 + 1
) (0)
ϕ˜|µ
(0)
ϕ˜|ν
]
−
√
2b
3b2 + 1
H
−3b2−3
3b2+1
[(
3b2 + 1
)( (0)
ϕ˜|µ C|ν+
(0)
ϕ˜|ν C |µ
)
+
(0)
ϕ˜|α C|αδµν
]
−
√
2b
l
1
3b2 + 1
e−2
√
2b
(0)
ϕ˜H
−9b2+1
3b2+1
(1)
ϕ˜,r δ
µ
ν +H
− 2
3b2+1Rµν
(
(0)
g˜
)
= 0, (2.48)
1
l
3b2 − 3
3b2 + 1
e−2
√
2b
(0)
ϕ˜H
−9b2+1
3b2+1
(1)
K˜ +e−2
√
2b
(0)
ϕ˜H
−6b2+2
3b2+1
(1)
K˜,r
−H −3b
2−3
3b2+1
(
3b2 − 1
3b2 + 1
C
|α
|α +
6
√
2b3
3b2 + 1
(1)
ϕ˜|α C|α
)
+
1
l
2
√
2b
3b2 + 1
e−2
√
2b
(0)
ϕ˜H
−9b2+1
3b2+1
(1)
ϕ˜,r −
√
2bH
− 2
3b2+1
(
(0)
ϕ˜
|α
|α +
√
2b
(0)
ϕ˜|α
(0)
ϕ˜|α
)
= 0, (2.49)
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e−2
√
2b
(0)
ϕ˜H
−3b2+5
3b2+1
[
(1)
ϕ˜,rr +
1
l
1
3b2 + 1
H−1
(
3
√
2b
(1)
K˜ +
(
9b2 − 5) (1)ϕ˜,r
)]
+H
(0)
ϕ˜
|α
|α +
3
√
2b
3b2 + 1
C
|α
|α +
√
2bH
(0)
ϕ˜|α
(0)
ϕ˜|α +
9b2 + 1
3b2 + 1
(0)
ϕ˜|α C
|α = 0. (2.50)
The junction conditions at this order are
[
(1)
K˜µν
]∣∣∣∣∣r=0+
r=l−
= 0, (2.51)
[
(1)
ϕ˜,r
]∣∣∣∣∣r=0+
r=l−
= 0. (2.52)
In the preceding equations all the indices are raised with the zeroth order metric.
Combining the trace of equation (2.48) with equation (2.49) we obtain
1
l
e−2
√
2b
(0)
ϕ˜
(1)
K˜ =
3b2 + 1
6
[
R
(
(0)
g˜
)
−
(0)
ϕ˜|α
(0)
ϕ˜|α
]
H
9b2−3
3b2+1 −
√
2b
l
e−2
√
2b
(0)
ϕ˜
(1)
ϕ˜,r
−
(
C
|α
|α +
√
2bC|α
(0)
ϕ˜|α
)
H
6b2−4
3b2+1 . (2.53)
Imposing the junction conditions (2.51,2.52) we get
R˜
(
(0)
g˜
)
=
(0)
ϕ˜|α
(0)
ϕ˜|α, (2.54)
and the equation of motion for the 4D effective scalar field
C
|α
|α +
√
2bC|α
(0)
ϕ˜|α= 0. (2.55)
Equation (2.53) now reads
(1)
K˜= −
√
2b
(1)
ϕ˜,r . (2.56)
Using the decomposition of
(1)
K˜µν in
(1)
K˜µν=
(1)
Σ˜µν +
1
4
δµν
(1)
K˜, (2.57)
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equation (2.48) can be easily integrated to find
e−2
√
2b
(0)
ϕ˜H
− 3b2−5
3b2+1
(1)
Σ˜µν=
[(
C
|µ
|ν +
√
2b
(
C|ν
(0)
ϕ˜|µ +C |µ
(0)
ϕ˜|ν
))
r
−
(
Rµν
(
(0)
g˜
)
−
√
2b
(0)
ϕ˜
|µ
|ν −
(
2b2 + 1
) (0)
ϕ˜|ν
(0)
ϕ˜|µ
)(
Cr − r
2
2l
)]
traceless
+ χµν (x), (2.58)
where χµν(x) is an integration constant and the subscript [ ]traceless means the
traceless part of the quantity between square brackets. In terms of Σ˜µν , the junc-
tion conditions (2.51) are [
(1)
Σ˜µν
]∣∣∣∣∣r=0+
r=l−
= 0. (2.59)
From the previous junction conditions (2.59) we can obtain the 4D effective
equations of motion
R˜µν
(
(0)
g˜
)
=
(
C − 1
2
)−1 [
C
|µ
|ν +
1
4
δµνC
|α
|α +
√
2b
(
C|ν
(0)
ϕ˜|µ +C|µ
(0)
ϕ˜|ν
)]
+
√
2b
(
(0)
ϕ˜
|µ
|ν −
1
4
δµν
(0)
ϕ˜
|α
|α
)
+
(
2b2 + 1
) (0)
ϕ˜|ν
(0)
ϕ˜|µ −b
2
2
δµν
(0)
ϕ˜|α
(0)
ϕ˜|α, (2.60)
and
χµν (x) = 0. (2.61)
Combining equation (2.56) with the scalar field equation (2.50) and integrat-
ing it once with respect to the extra dimension, we get (after using the previous
equations of motion to simplify the result)
e−2
√
2b
(0)
ϕ˜H
−3b2+5
3b2+1
(1)
ϕ˜,r= −
(
Cr − r
2
2l
)( (0)
ϕ˜
|α
|α +
√
2b
(0)
ϕ˜|α
(0)
ϕ˜|α
)
−
(0)
ϕ˜|α C|αr + Ξ(x),
(2.62)
where Ξ(x) is just an integration constant.
The junction conditions (2.52) give
Ξ(x) = 0 (2.63)
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and the equation of motion for the second 4D effective scalar field
(0)
ϕ˜
|α
|α +
√
2b
(0)
ϕ˜|α
(0)
ϕ˜|α= −
(
C − 1
2
)−1 (0)
ϕ˜|α C|α. (2.64)
2.4.3 The 4D Effective theory
The 4D effective equations of motion are summarized as
R˜µν
(
(0)
g˜
)
=
(
C − 1
2
)−1 [
C
|µ
|ν +
1
4
δµνC
|α
|α +
√
2b
(
C|ν
(0)
ϕ˜|µ +C|µ
(0)
ϕ˜|ν
)]
+
√
2b
(
(0)
ϕ˜
|µ
|ν −
1
4
δµν
(0)
ϕ˜
|α
|α
)
+
(
2b2 + 1
) (0)
ϕ˜|ν
(0)
ϕ˜|µ −b
2
2
δµν
(0)
ϕ˜|α
(0)
ϕ˜|α, (2.65)
C
|α
|α +
√
2bC|α
(0)
ϕ˜|α= 0, (2.66)
(0)
ϕ˜
|α
|α +
√
2b
(0)
ϕ˜|α
(0)
ϕ˜|α= −
(
C − 1
2
)−1 (0)
ϕ˜|α C|α, (2.67)
and they can be deduced from the following action
Seff =
l
κ2G
∫
d4x
√
−
(0)
g˜
(
C − 1
2
)
e
√
2b
(0)
ϕ˜
[
R(
(0)
g˜ )−
(0)
ϕ˜|α
(0)
ϕ˜|α
]
, (2.68)
where |α denotes covariant derivative with respect to
(0)
g˜µν . We should note that
this effective action can be derived by substituting in (2.5) the 5D solutions up
to the first order and integrating it over the fifth dimension [43].
As a consistency check, we see that if we perform the conformal transformation
hµν(x) = C
2
3b2+1 (x)
(0)
g˜µν (x), (2.69)
the previous action reduces to (2.13) if the effective scalar fields of the two theories
are related through
ψ = 2C−2
(
C − 1
2
)
, (2.70)
φ(x) =
3
√
2b
3b2 + 1
lnC+
(0)
ϕ˜ (x). (2.71)
The check consists in seeing that these relations are exactly the ones required so
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that the two observables (the proper distance between branes and the scalar field
on the positive tension brane) agree in both approaches.
2.4.4 The 5D exact solution
It is straightforward to find a cosmological solution of this 4D effective theory.
For example we can easily find the following particular solution
(0)
g˜µν (x) = ηµν , C(x) = ht,
(0)
ϕ˜ (x) = 0, (2.72)
where h is an integration constant.
Now we are ready to address the question why the above solution can be lifted
to an exact 5D solution. Let us start by calculating the next order correction (1)g˜µν
and (1)ϕ˜. Eq. (2.62) and the boundary conditions (2.44) give (1)ϕ˜ = 0, if we take
as 0th order solution Eqs. (2.72). We can construct (1)K˜µν from Eqs. (2.56) and
(2.58). For the 0th order solution (2.72) this gives (1)K˜µν = 0. After imposing the
boundary conditions (2.43), we obtain that the next order correction vanishes,
(1)g˜µν(r, x) = 0. For solution (2.72) it turns out that all the corrections vanish
and the 0th order solution is an exact solution of the non-perturbed 5D Eqs.
(2.34-2.39).
For other solutions of the 4D effective theory, higher order corrections will
not vanish and therefore they should be taken into account in the reconstruction
of the 5D metric. Using the gradient expansion method, we can reconstruct the
5D solution perturbatively. We should emphasize that the choice of the 0th order
metric is quite important in order to reconstruct 5D solutions efficiently. Our
metric ansatz has the advantage that it is possible to recover the exact solution
of Chen et al. (2.72) at 0th order. Indeed, if we had started with an ansatz like
Eqs. (2.11,2.12) we would need an infinite number of higher order terms to obtain
the exact 5D solution.
2.5 Validity of 4D effective theory
In this section we will make comments on a work by Kodama and Uzawa [46].
Let us start by briefly describing their arguments. After deriving the 4D effective
theory for warped compactification of the 5D Horˇava-Witten model (they also
extend their analysis to 10D IIB supergravity and obtain the same conclusions),
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the authors show that the 4D effective theory allows a wider class of solutions
than the fundamental higher dimensional theory. Therefore we should be careful
in using this effective theory approach, because we may find 4D solutions that do
not satisfy the equations of motion once lifted back to 5D.
The authors assume a metric ansatz of the form
dS25 = h(x, r)dr
2 + h
1
2 (x, r)g˜µν(x)dx
µdxν , (2.73)
where the warp factor has the form h(x, r) = C(x) − r/L. This corresponds to
taking K˜µν = 0, ϕ˜ = 0 and b = 1 (for the Horˇava-Witten case) in our work. Then
Eq. (2.34) reduces to
−H(r, x)− 32
(
C(x)
|µ
|ν +
1
4
C(x)
|α
|αδ
µ
ν
)
+H(r, x)−
1
2Rµν (g˜(x)) = 0. (2.74)
In order to satisfy this equation for all values of r, we should have
Rµν(g˜) = 0, C|µν = 0. (2.75)
They obtain the 4D effective action, by integrating the fifth dimension, as
Seff ∝
∫
d4x
√
−g˜
(
C(x)− 1
2
)
R(g˜), (2.76)
which agrees with our effective action (2.68). As we have shown, this theory ad-
mits solutions with Rµν(g˜) 6= 0 (see Eq. (2.65)), which do not obey the constraint
(2.75) obtained from the 5D equations of motion.
However, it is clear from our analysis that their metric ansatz is too restrictive.
If we consider a more general metric as our metric ansatz, we see that the 5D
Einstein equations contain more terms given by K˜µν . With the inclusion of these
new terms, the 5D equations do not necessarily imply (2.75). Of course, the non-
vanishing K˜µν changes the metric (2.73) and one could argue that the resultant
4D effective action would be also changed. However, it is shown that even if
we include the first order corrections (1)g˜µν(x) to the metric, the resultant 4D
effective action derived by integrating out the fifth dimension does not change
[43]. Therefore, for 4D solutions that do not satisfy (2.75), we should include the
corrections to the metric (2.73). We have provided this correction perturbatively.
Using Eqs. (2.53) and (2.58), we can reconstruct the correction to the metric,
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(1)g˜µν(x), which is necessary to satisfy the 5D equation of motion.
We should emphasize that the validity of the 4D effective theory is based on
the conditions (2.40). If the 4D effective theory admits a solution that violates
the conditions (2.40), then there is no guarantee that the 4D solution can be
lifted up to the 5D solution consistently. We should check the validity of the
4D effective theory by calculating the higher order corrections to ensure that the
higher order corrections can be neglected consistently.
2.6 Conclusion
In this chapter, we have studied the moduli instability in a two brane model
with a bulk scalar field found by Chen et al.. This model can be viewed as
a generalization of the Horˇava-Witten theory and the Randall-Sundrum model.
The scalar field potentials in the bulk and on the branes are tuned in order to
satisfy the BPS condition.
We used a low energy effective theory, which is derived by assuming that
variations along the brane coordinates of the metric are small compared with
variations along the dimension perpendicular to the brane. The effective theory
is a bi-scalar tensor theory where one of the scalar fields arises from the bulk
scalar field (dilaton) and the other arises from the degree of freedom of the dis-
tance between branes (radion). In the Einstein frame, the theory consists of two
massless scalar fields, and the lack of potentials for these moduli fields was shown
to be responsible for the instability.
We found that the exact solution derived in [29] can be reproduced from the
0th order of the perturbative method, despite the fact that slow-motion approxi-
mations are used. We revisited the gradient expansion method which is used to
derive the effective theory, in order to understand why the exact solution derived
in [29] can be reproduced within the 4D effective theory. We proposed a new
metric ansatz which is useful to see the relation between the solutions in the ef-
fective theory and the full solutions for 5D equation of motion. Using this metric
ansatz, it is transparent why the moduli instability solution can be lifted to a
full 5D solution. We have also shown that not all solutions in the 4D effective
theory can be lifted to exact 5D solutions. For these solutions, the solutions in
the effective theory receive higher order corrections in velocities of the branes and
we need to find 5D solutions perturbatively.
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Finally, we comment on the arguments against the 4D effective theory. Ref.
[46] claims that the 4D effective theory allows a much wider class of solutions
than the 5D theory. We argued that this conclusion comes from a too restricted
metric ansatz used in Ref. [46]. Using a more general metric ansatz, we provided
a way to reconstruct the full 5D solutions from the solutions in the 4D effective
theory.
The gradient expansion method can be applied to other warped compactifi-
cations such as the ones in supergravity models. In fact, there have been debates
on the validity of the metric ansatz commonly used to derive the 4D effective
theory in 10D type IIB sugra. Our 10D generalization of the 0th order metric
ansatz agrees with that proposed in Ref. [52] and the method presented in this
chapter will provide a consistent way to reduce the 10D theory to the 4D effective
theory based on this metric ansatz. This will be the topic of chapter 4. Before
that, in the next chapter, we will obtain the low energy effective theory in a 6D
supergravity model using the gradient expansion method.
Chapter 3
Low energy effective theory on a
regularized brane in 6D
supergravity
3.1 Introduction
Recently, much attention has been paid to six-dimensional supergravity [53, 54,
55, 56, 57, 58]. The most intriguing property of six-dimensional supergravity is
that the four-dimensional spacetime is always Minkowski even in the presence of
branes with tension. A 3-brane with tension induces only a deficit angle in the
six-dimensional spacetime and the tension does not curve the four-dimensional
spacetime within the brane. This feature is called self-tuning and it may solve
the cosmological constant problem [30, 31, 59, 60, 61]. This is the basis of the
supersymmetric large extra-dimension (SLED) proposal [62].
There have been several objections to the idea of self-tuning [32, 35, 63, 64, 65,
66, 67]. The self-tuning relies on the classical scaling property of the model. The
six-dimensional equations of motion are invariant under the constant rescaling
gMN → eωgMN and eφ → eφ−ω, where gMN denotes the six-dimensional metric
and φ is the dilaton field. Then there is a modulus associated with this scaling
property. Ref. [32] derived an effective potential for this modulus. This modulus
is shown to have an exponential potential. Then there must be a fine-tuning of
parameters to ensure that the potential vanishes in order to have a static solution.
This is the reason why the static solution always has vanishing cosmological
constant. However, if this fine-tuning is broken, the modulus acquires a runaway
54
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potential and the four-dimensional spacetime becomes non-static. Non-static
solutions in six-dimensional supergravity have been derived and they are supposed
to correspond to the response of the bulk geometry to a change of tension of branes
[68, 69, 70, 71].
However, it is difficult to deal with an arbitrary change of tension with a
brane described by a pure conical singularity. This is because if we put matter on
the brane other than a cosmological constant, the metric diverges at the position
of the brane. Recently, it was suggested that we can regularize the brane by
resolving it by a codimension one cylindrical 4-brane [72, 73, 74, 75]. These types
of models may be regarded as a variation of Kaluza-Klein/hybrid brane world
[76, 77, 78, 79, 80]. Once the brane becomes a codimension one object, it is
possible to put arbitrary matter on the brane without having the divergence of
the metric. Then it becomes possible to study the effect of the change of tension
on the four-dimensional geometry on the brane.
There is another interesting issue of whether it is possible to recover conven-
tional cosmology at low energies in six-dimensional models. Recent works have
shown that it is impossible to recover sensible cosmology if one derives cosmolog-
ical solutions by considering a motion of branes in a given static bulk spacetime
[81, 82]. It was concluded that the time-dependence of the bulk spacetime should
be taken into account.
In this chapter, we derive a four-dimensional effective theory for the modulus
in six-dimensional supergravity with resolved 4-branes by extending the analysis
of Ref. [83] which studied the low energy effective theory in the Einstein-Maxwell
theory [84, 85]. Arbitrary matter and potentials for the dilaton on 4-branes
are allowed to exist. We use the gradient expansion technique to solve the six-
dimensional geometry assuming that the deviation from the static solution is
small [11, 45]. The gradient expansion method has been applied to various types
of brane-worlds [86, 87, 88, 89, 90, 91]. Using this method, it is possible to
solve the non-trivial dependence of the bulk geometry on the four-dimensional
coordinates. By solving the effective four-dimensional equations, we can derive
the time-dependent solutions and compare them with the exact six-dimensional
time dependent solutions found in the literature [69, 70, 71]. It is also possible to
study whether we can reproduce sensible cosmology at low energies or not. We
also study the possibility to stabilize the modulus using the potentials for the
dilaton on the branes along the line of Ref. [92].
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We should mention that we concentrate our attention on a classical dynamics
in this paper and do not address the quantum corrections. In fact the important
feature of SLED is that it could also provide a way to address the stability to
quantum corrections to the cosmological constant [62]. This is because in the
6D model, the Kaluza-Klein (KK) mass scale is of the order of a µm−1 and so is
precisely at the energy scale of the cosmological constant. The combination of the
bulk supersymmetry and scaling solution can maintain the quantum corrections
to be of order µm−4 and hence the order of the cosmological constant.
The chapter is organized as follows. In section 3.2, basic equations are sum-
marized. In section 3.3, we solve the six-dimensional equations of motion using
the gradient expansion method. In section 3.4, the effective theory on the regu-
larized branes is derived by imposing junction conditions. Then we derive time
dependent cosmological solutions in the effective theory and compare them with
the exact six-dimensional solutions. The possible way to stabilize the modulus is
discussed. Section 3.5 is devoted to conclusions.
3.2 Basic equations
The relevant part of the supergravity action we consider is
S =
∫
d6x
√−g
[
M4
2
(6)R− M
4
2
(∂φ)2 − 1
4
F 2e−φ − M
4
2L2I
eφ
]
, (3.1)
where φ is the dilaton, M is the fundamental scale of gravity, F 2 := FMNF
MN ,
(∂φ)2 := gMN∂Mφ∂Nφ and FMN = ∂MAN − ∂NAM is the field strength of the
gauge field AM . For the moment we are interested in solving the 6D bulk equa-
tions of motion. In Sec. 3.4 we will add two 4-branes (at positions y = y±) and
LI denotes the different bulk curvature scales on either sides of the branes, see
Fig. 3.1. We start with the axisymmetric metric ansatz
gMNdx
MdxN = L2Ie
2λ(x) dy
2
f(y)
+ ℓ2e2[ψ(y,x)−λ(x)]f(y)dθ2 + 2ℓbµ(y, x)dθdxµ
+a2(y)h¯µν(y, x)dx
µdxν , (3.2)
where capital Latin indices numerate the 6D coordinates while the Greek indices
are restricted to the 4D coordinates.
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The evolution equations along the y-direction are given by
ny∂yK
νˆ
µˆ + KˆK
νˆ
µˆ =
5R νˆµˆ − e−λ(x)5Dµˆ5Dνˆeλ(x) − ∂µˆφ∂νˆφ−
1
4L2I
eφδ νˆµˆ
− 1
M4
(
FµˆMF
νˆM − 1
8
δ νˆµˆ F
2
)
e−φ, (3.3)
where ny = e−λ
√
f/LI , K
νˆ
µˆ is the extrinsic curvature of y = constant hyper-
surfaces, Kˆ is its 5D trace, 5R νˆµˆ is the 5D Ricci tensor and
5Dµˆ is the covariant
derivative with respect to the 5D metric. Here, µˆ = µ and θ. The Hamiltonian
constraint is
5R +K νˆµˆ K
µˆ
νˆ − Kˆ2 = −
2
M4
(
FyMF
yM− 1
4
F 2
)
e−φ − 2(ny∂yφ)2 + (∂φ)2+ 1
L2I
eφ,
(3.4)
and the momentum constraints are
5Dνˆ
(
K νˆµˆ − δ νˆµˆ Kˆ
)
=
1
M4
FµˆMF
yMnye
−φ +Dµˆφ ny∂yφ, (3.5)
where ny = e
λLI/
√
f .
The Maxwell equations are given by
∇M
(
e−φFMN
)
= 0, (3.6)
where ∇M is the covariant derivative with respect to the 6D metric. The dilaton
equation of motion is
∇M∇Mφ+ 1
4M4
F 2e−φ − 1
2L2I
eφ = 0. (3.7)
3.3 Gradient expansion approach
In this section we will use the gradient expansion method [11, 45] to solve the
6D bulk equations. We assume that the length scale ℓ is of the same order of LI .
The small expansion parameter is the ratio of the bulk curvature scale to the 4D
intrinsic curvature scale,
ε = ℓ2|R|.
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See section 1.4 and subsection 2.4.2 for more details on the gradient expansion
method. We expand the various quantities as
h¯µν = hµν(x) + εh
(1)
µν (y, x) + · · · , ψ = ψ(0) + εψ(1) + · · · ,
φ = φ(0) + εφ(1) + · · · , Fyθ =
(0)
Fyθ +ε
(1)
Fyθ + · · · ,
K νµ =
(0)
K νµ +ε
(1)
K νµ + · · · , K θθ =
(0)
K θθ +ε
(1)
K θθ + · · · . (3.8)
As to the other quantities, we follow [83] and first assume
bµ = ε
1/2b(1/2)µ + · · · , K νθ = ε1/2
(1/2)
K νθ + · · · ,
F µy = ε1/2
(1/2)
F µy + · · · , Fµν = ε
(1)
Fµν + · · · , (3.9)
and then will show that all the O(ε1/2) quantities in fact vanish. Since ∂µAθ ∼
ε1/2∂yAθ, we have Fµθ = ε
1/2
(1/2)
F µθ + · · · . We will show that this O(ε1/2) term
in Fµθ also vanishes. See appendix A for more details on the O(ε1/2) quantities.
The bulk energy-momentum tensor contains terms like FµλF
νλ but these do not
contribute to the low energy effective theory as they are higher order in the
gradient expansion. The 5D Ricci tensor is given by
5R νµ = ε
1
a2
(
R νµ [h]−DµDνψ˜ −Dµψ˜Dνψ˜
)
+ · · · , (3.10)
5R θθ = −ε
1
a2
(
DλDλψ˜ +Dλψ˜Dλψ˜
)
+ · · · , (3.11)
and 5R µθ = O(ε3/2), where ψ˜ := ψ(0)−λ. R νµ [h] and Dµ are respectively the Ricci
tensor and the covariant derivative constructed from hµν(x).
3.3.1 Zeroth order equations
The θ component of the Maxwell equations at zeroth order reads
∂y
(
a4e−φ
(0)+ψ(0)
(0)
F yθ
)
= 0, (3.12)
while the equation of motion for the dilaton at zeroth order is given by
1
a4
∂y
(
a4feψ
(0)
∂yφ
(0)
)
+
1
2
(
1
M2ℓ
(0)
Fyθ
)2
e2λ−φ
(0)−ψ(0) − 1
2
e2λ+φ
(0)+ψ(0) = 0. (3.13)
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The (µν) and (θθ) components of the evolution equations are given respec-
tively by
f
[
∂y
(
∂ya
a
)
+
(
4
∂ya
a
+
∂yf
f
+ ∂yψ
(0)
)
∂ya
a
]
=
1
4
(
1
M2ℓ
(0)
Fyθ
)2
e2λ−φ
(0)−2ψ(0) − 1
4
e2λ+φ
(0)
, (3.14)
f
[
∂y
(
∂yf
2f
+ ∂yψ
(0)
)
+
(
4
∂ya
a
+
∂yf
f
+ ∂yψ
(0)
)(
∂yf
2f
+ ∂yψ
(0)
)]
= −3
4
(
1
M2ℓ
(0)
Fyθ
)2
e2λ−φ
(0)−2ψ(0) − 1
4
e2λ+φ
(0)
, (3.15)
and the Hamiltonian constraint becomes
4f
[
3
(
∂ya
a
)2
+
∂ya
a
(
∂yf
f
+ 2∂yψ
(0)
)]
=(
1
M2ℓ
(0)
Fyθ
)2
e2λ−φ
(0)−2ψ(0) + f
(
∂yφ
(0)
)2 − e2λ+φ(0) . (3.16)
The solutions for the above equations are obtained as
a(y) =
√
y, f(y) =
1
4
(
−y + µ
y
− q
2
y3
)
, λ(x) =
1
2
Φ(x), (3.17)
and
ψ(0)(y, x) = Φ(x) + σ(x), φ(0)(y, x) = − ln y − Φ(x),
(0)
F yθ = M
2ℓ
q
a4
eφ
(0)+ψ(0) = M2ℓ
q
y3
eσ(x), (3.18)
where µ and q are integration constants. The momentum constraint implies
∂µσ = 0, and therefore σ = constant. This immediately leads to
(1/2)
Fµθ= 0 and
hence Fµθ = O(ε3/2). In the following, we put σ = 0 without loss of generality.
The 6D metric at the zeroth order is given by
gMNdx
MdxN = eΦ(x)
[
L2I
dy2
f
+ ℓ2fdθ2
]
+ a2(y)hµν(x)dx
µdxν . (3.19)
Then we can see that Φ(x) is associated with the scaling symmetry gMN → eωgMN
and eφ → eφ−ω. In fact, we will find that a solution for hµν is given by hµν = eΦηµν
if the brane preserves the scaling symmetry, where ηµν denotes the 4D Minkowski
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metric.
3.3.2 First order equations
At first order, the (µν) component of the evolution equations is given by
√
f
LI
e−Φ/2
[
∂y
(1)
K νµ +
(
2
y
+
∂yf
2f
)
(1)
K νµ +
1
2y
( (1)
K λλ +
(1)
K θθ
)
δ νµ
]
=
1
y
(
R νµ −DµDνΦ−
3
2
DµΦDνΦ
)
− 1
4L2I
eφ
(0)
φ(1)δ νµ +
1
4
Fδ νµ , (3.20)
where
F := 1
M4
( (0)
Fyθ
(1)
F yθ +
(1)
Fyθ
(0)
F yθ
)
e−φ
(0) − 1
M4
(0)
F yθ
(0)
F yθ e−φ
(0)
φ(1). (3.21)
The 4D Ricci tensor R νµ does not depend on y because it is computed from hµν
which is a function of xµ only and the index is raised by hµν .
The 4D traceless part of Eq. (3.20) is found to be
∂y
(
y2
√
f K νµ
)
= eΦ/2yLIR
ν
µ , (3.22)
where we defined K νµ :=
(1)
K νµ −(1/4)δ νµ
(1)
K λλ and
R
ν
µ := R
ν
µ −
1
4
δ νµ R −
(
DµDνΦ− 1
4
δ νµ D2Φ
)
− 3
2
[
DµΦDνΦ− 1
4
δ νµ (DΦ)2
]
,
(3.23)
where D2Φ := hµνDµDνΦ and (DΦ)2 := hµνDµΦDνΦ. The general solution to
the above equation is given by
K
ν
µ =
eΦ/2
2
√
f
LIR
ν
µ +
1
y2
√
f
C
ν
µ (x), (3.24)
where the traceless tensor C νµ (x) is the integration “constant” to be fixed by the
boundary conditions.
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The 4D trace part of the evolution equations is
√
f
LI
e−Φ/2
[
∂y
(1)
K λλ +
(
4
y
+
∂yf
2f
)
(1)
K λλ +
2
y
(1)
K θθ
]
=
1
y
[
R−D2Φ− 3
2
(DΦ)2
]
+ F − 1
L2I
e−Φ
y
φ(1), (3.25)
and the (θθ) component of the evolution equations is
√
f
LI
e−Φ/2
[
∂y
(1)
K θθ +
(
2
y
+
∂yf
f
)
(1)
K θθ +
∂yf
2f
(1)
K λλ
]
= − 1
2y
[D2Φ + (DΦ)2]− 3
4
F − 1
4L2I
e−Φ
y
φ(1). (3.26)
The Hamiltonian constraint at first order reduces to
1
y
[
R−D2Φ− 3
2
(DΦ)2
]
+ F
= 2
√
f
LI
e−Φ/2
[(
3
2y
+
∂yf
2f
)
(1)
K λλ +
2
y
(1)
K θθ
]
+
1
L2I
e−Φ
y
φ(1) +
2f
L2I
e−Φ
y
∂yφ
(1). (3.27)
The dilaton equation of motion at first order reads
f
L2I
e−Φ
[
∂2yφ
(1) +
(
2
y
+
∂yf
f
)
∂yφ
(1)
]
−
√
f
LI
e−Φ/2
y
(
(1)
K λλ +
(1)
K θθ
)
−1
y
[D2Φ + (DΦ)2]− 1
2L2I
e−Φ
y
φ(1) +
1
2
F = 0. (3.28)
Now we define convenient quantities
J := ny∂yφ(1) + 1
2
(1)
K λλ (3.29)
and
K : = 3
4
(1)
K λλ +
(1)
K θθ +
√
f
LI
e−Φ/2
(
∂yf
2f
− 1
2y
)
ψ(1)
+
y
M4ℓ2LI
√
f
(0)
Fyθ e
−Φ/2A(1)θ −
√
f
LI
e−Φ/2
y
φ(1). (3.30)
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The evolution equations for these variables can be derived using Eqs. (3.25)–
(3.28). With some manipulation one arrives at
∂y
(
y2
√
fJ
)
=
1
2
eΦ/2yLI
[
R +D2Φ+ 1
2
(DΦ)2
]
, (3.31)
∂y
(
y2
√
fK
)
=
1
4
eΦ/2yLI
[
R− 3D2Φ− 7
2
(DΦ)2
]
. (3.32)
The two equations have the same structure as that of Eq. (3.22). The general
solution for each evolution equation contains one integration “constant” which
will be determined by the boundary conditions.
In terms of the above variables, the momentum constraint equations are sim-
plified to
Dν
(
eΦ/2K νµ
)−Dµ (eΦ/2K)+ eΦ/2JDµΦ = 0. (3.33)
3.4 Junction conditions and effective theory on
a regularized brane
Our choice of parameters µ, q implies that f(y) vanishes at yN and yS. These
points are conical singularities that are sourced by 3-branes. In order to accom-
modate usual matter on the branes we need to resolve these singularities. We
will use the regularization scheme of [72, 92]. The conical branes are replaced
with cylindrical codimension-one branes at y = y± and their interiors are filled
with regular caps. See figure 3.1 for a sketch of the model. The geometry of the
caps and the central bulk is described by the 6D solutions found in the previous
section, with different curvature scales L+ (L−) for the north (south) cap and L0
for the central bulk.
The action of each brane is taken to be
Sbrane = −
∫
d5x
√−q
[
V (φ) +
1
2
U(φ)(∂µˆΣ− eAµˆ)(∂µˆΣ− eAµˆ)
]
+
∫
d5x
√−q Lm, (3.34)
where qµˆνˆ is the induced metric on the 4-brane, V (φ) and U(φ) are the couplings
to the dilaton, and Lm is the Lagrangian of usual matter localized on the brane.
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Figure 3.1: Schematic representation of the bulk spacetime with two regularized
caps.
At this stage we assume that the brane matter Lm does not couple to the dilaton
field. We introduce a Stueckelberg field Σ, which is obtained by integrating out
the massive radial mode of a brane Higgs field. The equation of motion for Σ
gives the gradient expansion form of the solution as [83]
Σ(θ, x) = nθ + c(0)(x) + εc(1)(x) + · · · , (3.35)
where n must be an integer because of the periodicity θ ≃ θ + 2π.
The jump conditions for the Maxwell field are
[[
nMFMNe
−φ]] = −eU(∂NΣ− eAN), (3.36)
while for the dilaton field we have
[[
nM∂Mφ
]]
=
1
M4
[
dV
dφ
+
1
2
dU
dφ
(∂λˆΣ− eAλˆ)(∂λˆΣ− eAλˆ)
]
, (3.37)
where [[F ]]yb := limǫ→0 (F |yb+ǫ − F |yb−ǫ). Here and hereafter in this section all
the quantities are evaluated at the position of the brane under consideration. The
Israel conditions are given by
[[
K νˆµˆ − δ νˆµˆ Kˆ
]]
= − 1
M4
T νˆµˆ(tot) (3.38)
CHAPTER 3. LOW ENERGY EFFECTIVE THEORY IN 6D SUGRA 64
where
T νˆµˆ(tot) = U
[
(∂µˆΣ− eAµˆ)(∂νˆΣ− eAνˆ)− 1
2
δ νˆµˆ (∂λˆΣ− eAλˆ)(∂λˆΣ− eAλˆ)
]
−V δ νˆµˆ + T νˆµˆ , (3.39)
and T νˆµˆ represents the matter energy-momentum tensor.
3.4.1 Zeroth order
At zeroth order in the gradient expansion the junction conditions (3.36)–(3.38)
are written as
Maxwell:
[[√
f
LI
(0)
F yθ y e
Φ/2
]]
= −eU (0)
(
n− eA(0)θ
)
, (3.40)
Dilaton:
[[√
f
LI
1
y
e−Φ/2
]]
= − 1
M4
[
dV (0)
dφ(0)
+
1
2
dU (0)
dφ(0)
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
,
(3.41)
Israel (µν) :
[[√
f
LI
(
3
2y
+
∂yf
2f
)
e−Φ/2
]]
= − 1
M4
[
V (0) +
1
2
U (0)
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
, (3.42)
Israel (θθ) :
[[√
f
LI
2
y
e−Φ/2
]]
= − 1
M4
[
V (0) − 1
2
U (0)
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
.
(3.43)
The above conditions relate several parameters with each other, and the detail of
the parameter counting of the configuration is found in Ref. [92]. In particular,
the dilaton jump condition (3.41) and the Israel condition (3.43) imply
V (0)
2
− dV
(0)
dφ(0)
− 1
2
e−Φ
ℓ2f
(
U (0)
2
+
dU (0)
dφ(0)
)(
n− eA(0)θ
)2
= 0. (3.44)
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The classical scaling symmetry is preserved by the special choice of the po-
tentials [56, 92]
V (φ) = veφ/2, U(φ) = ue−φ/2. (3.45)
With these potentials the junction conditions (3.40)–(3.43) put no constraints on
Φ(x) and Eq. (3.44) is trivially satisfied. In this case the first order analysis will
provide the equation of motion for Φ(x), as will be seen in the next subsection.
In the following, we assume that at the zeroth order, the potentials are given
by (3.45), that is, U (0)(φ(0)) = u(0)e−φ
(0)/2 and V (0)(φ(0)) = v(0)eφ
(0)/2. Then we
expand the potentials as follows:
V (φ) = V (0)(φ(0)) + ε
(
V (1)(φ(0)) +
dV (0)
dφ(0)
φ(1)
)
, (3.46)
U(φ) = U (0)(φ(0)) + ε
(
U (1)(φ(0)) +
dU (0)
dφ(0)
φ(1)
)
, (3.47)
where V (1)(φ(0)) and U (1)(φ(0)) stand for the deviations from the zeroth order
potentials.
3.4.2 First order
The 4D traceless part of the Israel conditions at first order is given by
[[
K
ν
µ
]]
= − 1
M4
T
ν
µ , (3.48)
where T νµ := T
ν
µ −(1/4)δ νµ T λλ . The 4D trace part of the Israel conditions reduces
to [[
3
4
(1)
K λλ +
(1)
K θθ
]]
=
1
4M4
T λλ −
1
M4
∆V +
U (0)
M4
∆
− 1
M4
[
dV (0)
dφ(0)
+
1
2
dU (0)
dφ(0)
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
φ(1), (3.49)
where we defined
∆V = V (1)(φ(0)) +
1
2
U (1)(φ(0))
e−Φ
ℓ2f
(
n− eA(0)θ
)2
, (3.50)
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and
∆ :=
e−Φ
ℓ2f
(
n− eA(0)θ
) [
eA
(1)
θ +
(
n− eA(0)θ
)
ψ(1)
]
. (3.51)
Using the zeroth order junction conditions, Eq. (3.49) simply gives
[[K]] = 1
4M4
T λλ −
1
M4
∆V. (3.52)
The (θθ) component of the Israel conditions is
[[ (1)
K λλ
]]
=
T θθ
M4
− U
(0)
M4
∆− 1
M4
[
dV (0)
dφ(0)
− 1
2
dU (0)
dφ(0)
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
φ(1)
− 1
M4
∆V + U (1)(φ(0))
e−Φ
M4ℓ2f
(
n− eA(0)θ
)2
, (3.53)
and the dilaton jump condition is
[[
ny∂yφ
(1)
]]
= − 1
M4
dU (0)
dφ(0)
∆+
1
M4
[
d2V (0)
dφ(0)2
+
1
2
d2U (0)
dφ(0)2
e−Φ
ℓ2f
(
n− eA(0)θ
)2]
φ(1)
− 1
M4
d
dΦ
(∆V )− 1
2
U (1)(φ(0))
e−Φ
M4ℓ2f
(
n− eA(0)θ
)2
. (3.54)
Using the fact that the zeroth order potential have the scale invariant forms
(3.45), the above two conditions are combined to give
[[J ]] = 1
2M4
T θθ −
1
M4
d
dΦ
(∆V )− 1
2M4
∆V. (3.55)
Therefore, the momentum constraints become
Dν
(
eΦ/2T νµ − eΦ/2∆V δ νµ
)
=
(
1
2
T θθ −
d
dΦ
(∆V )− 1
2
∆V
)
eΦ/2DµΦ. (3.56)
In terms of the energy-momentum tensor integrated along the θ-direction,
T
νˆ
µˆ := 2πℓ
√
feΦ/2T νˆµˆ , (3.57)
this can be rewritten as
DνT νµ =
1
2
T
θ
θ DµΦ. (3.58)
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To fix the integration constants completely, we need the boundary conditions
at the north and south poles. Near a pole with the coordinate y = yp, where
p = {N, S}, we have f ∼ y − yp. In order for the evolution equations (3.22),
(3.31), and (3.32) to be regular at the poles, we require
K
ν
µ , K, J . |y − yp|1/2 → 0. (3.59)
Now we can determine all the integration constants included in the general so-
lutions for K νµ , K and J . Since the structure of the evolution equations and
boundary conditions are identical for these three variables, we summarize the
procedure to fix the integration constants in appendix B, and here we focus on
the resulting effective theory on the brane.
Using Eqs. (3.48) and (3.52) together with the solution for K νµ and K in terms
of R and Φ, we end up with the effective equations
eΦ
(
R νµ [q
+]− 1
2
δ νµ R[q
+]− Φ;ν;µ + δ νµ Φ;λ;λ −
3
2
Φ;µΦ
;ν +
5
4
δ νµ Φ;λΦ
;λ
)
= κ2+
(
T
+ν
µ −∆V
+
δνµ
)
+
a2−
a2+
κ2−
(
T
−ν
µ −∆V
−
δνµ
)
, (3.60)
where the 4D gravitational couplings are defined as
κ2± :=
a2±
2πℓ2∗M4
, with ℓ2∗ = ℓ
∫ yN
yS
LIydy, (3.61)
; denotes a covariant derivative with respect to the induced metric q+µν = a
2
+hµν ,
Rµν [q
+] is Ricci tensor computed from q+µν and the potential integrated along the
θ-direction is defined as
∆V = 2πℓ
√
feΦ/2∆V. (3.62)
The first order equations for J give the equation of motion for Φ:
(
eΦ
);µ
;µ
=
κ2+
4
(
T
+λ
λ − T+θθ + 2
d
dΦ
(∆V
+
)− 4∆V +
)
+
a2−
a2+
κ2−
4
(
T
−λ
λ − T
−θ
θ + 2
d
dΦ
(∆V
−
)− 4∆V −
)
. (3.63)
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For simplicity let us ignore the matter energy-momentum tensor and the po-
tential on the south brane: T
−νˆ
µˆ = ∆V
−
= 0. In the absence of the (θθ) com-
ponent of the energy momentum tensor on the north brane, the 4D effective
equations can be deduced from the action
Seff =
∫
d4x
√
−q+
[
eΦ
2κ2+
(
R[q+]− ωBDΦ;µΦ;µ
)−∆V + + L+m
]
, (3.64)
with the Brans-Dicke parameter ωBD = 1/2 (see also appendix B of Ref. [70]).
3.4.3 The exact time-dependent solutions in the 4D effec-
tive theory
We now consider cosmological solutions in the 4D effective theory and compare
them with the known solutions to the full 6D field equations [69, 70, 71].
Let us assume T
±ν
µ = ∆V
−
= 0 and T
±θ
θ = 0. We consider the case where
the first order potential is scale invariant form. Then ∆V + ∝ e−Φ/2 and ∆V + =
const. := Λ/κ2+. We go to the Einstein frame defined by
h˜µν = e
Φq+µν , (3.65)
and then the equations of motion become
R˜ νµ [h˜]−
1
2
δ νµ R˜[h˜] = −Λe−2Φδ νµ + 2Φ|µΦ|ν − Φ|λΦ|λδ νµ , (3.66)
Φ
|µ
|µ = −Λe−2Φ, (3.67)
where | stands for the covariant derivative with respect to the Einstein frame
metric h˜µν .
Taking h˜µν to be a flat Friedman-Robertson-Walker metric, h˜µνdx
µdxν =
A2(τ)(−dτ 2 + dx2), the equations of motion reduce to
A′′
A
=
2
3
ΛA2e−2Φ − 1
3
Φ′2,
(
A′
A
)2
=
1
3
ΛA2e−2Φ +
1
3
Φ′2, (3.68)
and
Φ′′ + 2
A′
A
Φ′ = ΛA2e−2Φ, (3.69)
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where ′ := d/dτ . For Λ = 0 a solution of the above equations is
A2(τ) = A1τ + A2, Φ(τ) = ±
√
3 lnA(τ) + A3, (3.70)
where Ai (i = 1, 2, 3) are integration constants. For Λ 6= 0 a solution is
A(τ) = eCτ , Φ(τ) = lnA(τ), (3.71)
where C2 = Λ/2. This indicates that q+µν = e
Φηµν which is expected from the
scaling symmetry.
The brane scale factor ab and the “radion” Ψ are given by
ab = e
−Φ/2A, Ψ = eΦ. (3.72)
The solution (3.70) gives the same 4D observables (the brane scale factor and
radion) as an exact 6D solution found by Copeland and Seto (equation (70)
of [71]). In the same way the solution (3.71) reproduces the 4D quantities of
their equation (76). (The latter solution was first found by Tolley et al. [69].)
Thus we show that the solutions to the full 6D equations are reproduced by our
4D effective theory on a regularized brane with the scale invariant potential and
with or without additional “tension” Λ.
At the zeroth order, the amplitudes v(0) and u(0) of the potentials are fine-
tuned. If we change the amplitude of the scale invariant potentials, which is
equivalent to adding a cosmological constant in the 4D effective theory, we get a
runaway potential for Φ and the 4D spacetime becomes non-static.
3.4.4 Breaking the scale invariance
Finally, let us consider the case where the first order potential breaks the scale
invariance. As the BD parameter is given by 1/2, this model violates the con-
straints coming from the solar system experiments unless the BD scalar Φ is
stabilized. It is suggested that the potential on a brane can naturally stabilize
the modulus. For example, if we consider potentials V1(φ
(0)) = v(1)esφ
(0)
and
U1(φ
(0)) = u(1)etφ
(0)
, the effective potential is given by
∆V = 2πℓ
√
feΦ/2
(
v(1)
ys+
e−sΦ +
u(1)
2ℓ2fyt+
e−(t+1)Φ(n− eA(0)θ )2
)
. (3.73)
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As we saw in the previous subsection, if we take s = 1/2 and t = −1/2, ∆V is
independent of Φ. However, in general, it is possible to have a potential with
a minimum by choosing s, t, v(1) and u(1) appropriately [92]. Then Φ can be
stabilized and general relativity (GR) is recovered.
3.5 Conclusions
In this chapter, we derived the low energy effective theory in the six-dimensional
supergravity with resolved 4-branes. The gradient expansion method is used to
solve the bulk geometry. The resultant effective theory is a Brans-Dicke theory
with the Brans-Dicke parameter given by ωBD = 1/2. If we choose the dilaton
potentials on the branes so that they keep the scaling symmetry in the bulk and if
we tune their amplitudes then there is no potential in the effective theory and the
modulus is massless. Thus the static four-dimensional spacetime has vanishing
cosmological constant. It is also possible to obtain time-dependent solutions due
to the dynamics of the modulus field and we showed that they are identified with
the six-dimensional exact time dependent solutions found in [71].
Even if the potentials preserve the scaling symmetry, it was found that there
appears an effective cosmological constant in the four-dimensional effective theory
by changing the amplitude of the potentials. Then in the Einstein frame, the
modulus field acquires an exponential potential and the static solution is no
longer allowed. Again, we showed that the cosmological solutions obtained in the
effective theory can be identified with the six-dimensional exact time dependent
solutions found in [69, 70, 71].
Our effective theory allows us to discuss cosmology with arbitrary matter on
the brane. As the BD parameter is given by 1/2, it is impossible to reproduce
realistic cosmology without stabilizing the modulus field. As it was suggested by
Ref. [92], it is easy to generate a potential for the modulus Φ with a minimum
by breaking the scaling symmetry from the dilaton potentials on the branes.
Then it is possible to reproduce GR at low energies. However, once we stabilize
the modulus, the cosmological constant on a brane curves the four-dimensional
spacetime in the same way as in GR.
Our result would indicate that it is possible to reproduce sensible cosmology in
this six-dimensional supergravity model at low energies but it would be difficult
to address the classical part of cosmological constant problem in this set-up.
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However, we should mention that our effective theory is valid only up to the
energy scale determined by inverse of the size of extra-dimensions. This condition
is roughly given by Hℓ∗ < 1 where H is the Hubble parameter. If we consider
scales smaller than ℓ∗ gravity becomes six-dimensional and from the table-top
experiments, ℓ∗ is smaller than a few µm. Then for H > 10−2 eV, our universe
becomes six-dimensional and it is impossible to use the four-dimensional effective
theory. In order to address the behaviour of the universe at high energies, we
should deal with time-dependent solutions directly in six-dimensional spacetime.
This remains an open question.
Another issue that we did not touch in this chapter is the quantum part of the
cosmological constant problem, that is the stability to quantum corrections. As
mentioned in the introduction, there are reasons for believing that the combina-
tion of the bulk supersymmetry and scaling symmetry can maintain the quantum
corrections to be of the order of the cosmological constant [62]. In order to ad-
dress this issue, it is necessary to perform 6D calculations which take into account
the loops of the KK modes.
Finally, we briefly comment on the limit where the codimension one branes are
shrunk to codimension two objects. Our effective theory shows no pathological
behaviour in this limit as long as the four-dimensional energy-momentum tensor
integrated along the θ-direction remains finite. However, in this limit, the first
order extrinsic curvature
(1)
Kµν diverges and then the first order correction to the
four-dimensional metric diverges. Then it is not clear whether there is a physical
meaning in this limit. This is related to a deep issue of whether it is possible
to put ordinary matter on codimension 2 objects [93, 94] and we also leave this
problem as an open question.
Chapter 4
On the 4D effective theory in
warped compactifications with
fluxes and branes
4.1 Introduction
In this chapter, using the gradient expansion method, we shall derive the 4D
effective theory for warped compactifications with fluxes and branes in the 10D
type IIB supergravity.
Warped string compactifications with fluxes and branes have provided a novel
approach to long standing problems of particle physics and cosmology. Inspired by
the earlier work by Randall and Sundrum [4], Giddings et al (GKP) [13] showed
that, in type IIB string theory, it is possible to realize the warped compactifica-
tions that can accommodate the large hierarchy between the electroweak scale
and the Planck scale. In the GKP model, the warping of the extra-dimensions is
generated by the fluxes and the presence of D-branes and orientifold planes. All
moduli fields are stabilized due to fluxes except for the universal Ka¨hler modulus.
The warped compactifications also provide a promising background for cosmo-
logical inflation. An inflaton can be identified with the internal coordinate of a
mobile D3 brane moving in a warped throat region [95].
So far, most works are essentially based on effective 4D theories derived by a
dimensional reduction. However, it is a non-trivial problem to derive the 4D ef-
fective theories including the warping and branes. In fact there have been debates
on the validity of the derivation of the 4D effective theories. In a conventional
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Kaluza-Klein theory, the effective theory can be derived by assuming a factor-
izable ansatz for the higher-dimensional fields. This approach has been applied
even in the presence of the warping. For example, the 10D metric ansatz of the
form
ds210 = h
−1/2(y)e−6u(x)gµν(x)dxµdxν + h1/2(y)e2u(x)γmndymdyn, (4.1)
is often used where x denotes the coordinates of the 4D non-compact spacetime
and y denotes the coordinates of the 6D compact manifold. The function u(x)
is identified with the universal Ka¨hler modulus. However, it has been criticized
that the higher-dimensional dynamics do not satisfy this ansatz [96, 97]. Thus
it is required to derive the 4D effective theory by starting from a correct ansatz
and consistently solving the 10D equations of motion.
These attempts were initiated in Refs. [40, 52, 46]. Ref [40] derived an exact
time-dependent 10D solution that describes the instability of the warped com-
pactification due to the non-stabilized Ka¨hler modulus. It was shown that this
dynamical solution cannot be described by the metric ansatz (4.1). Ref. [52] de-
rived the potential for the moduli fields by consistently solving the 10D equations
of motion using the metric ansatz that is consistent with the dynamical solutions
in the 10D theory. It was found that the universal Ka¨hler modulus is not a sim-
ple scaling of the internal metric as is assumed in Eq. (4.1). A similar consistent
ansatz was proposed in Ref [46] and the 4D effective theory without potentials
was derived.
In this chapter, we build on these works to present a systematic way to derive
the 4D effective theory by consistently solving the 10D equations of motion of
type IIB supergravity. We exploit the so-called gradient expansion method, which
has been shown in the previous chapters to be a powerful method to derive the 4D
effective theory in the context of 5D/6D brane world models [12, 44, 45, 88, 98].
Our method also provides a scheme to study the gravitational backreaction to
the warped geometry due to the moduli dynamics, branes and fluxes.
4.2 10D equations of motion
Let us start by describing the type IIB supergravity based on Ref. [13]. In the
Einstein frame, the bosonic part of the action for the type IIB supergravity is
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given by
SIIB =
1
2κ210
∫
d10x
√−g10
(
(10)R− ∂Mτ∂
M τ¯
2 (Imτ)2
− G(3) · G¯(3)
12Imτ
− F˜
2
(5)
4 · 5!
)
− i
8κ210
∫
C(4) ∧G(3) ∧ G¯(3)
Imτ
, (4.2)
where the combined 3-form flux is G(3) = F(3) − τH(3) with F(3) = dC(2), H(3) =
dB(2) and
τ = C(0) + ie
−φ, (4.3)
where φ is the so-called dilaton, C(j) is the Ramond-Ramond potential of rank (j)
and B(2) is the NS-NS potential. The bar denotes the complex conjugate. The
5-form field is given by
F˜(5) = F(5) − 1
2
C(2) ∧H(3) + 1
2
B(2) ∧ F(3), (4.4)
with F(5) = dC(4). The total action in our model is
S = SIIB + Sloc, (4.5)
where the term Sloc is the action for the localized sources such as D3-branes and
O3 planes;
Sloc =
∑
j
(
−µ3
∫
d4x
√−gj + T3
∫
d4xC4
)
, (4.6)
where the integrals are calculated over the 4D non-compact space at the point j
in the compact space and gj is the determinant of the induced metric on a brane
at the point j (µ3 is positive/negative for D3-branes/O3 planes).
We can derive the equations of motion for the fields from the action (4.2).
The trace reversed Einstein equations are given by
RAB =
Re (∂Aτ¯ ∂Bτ)
2 (Imτ)2
+
1
4Imτ
[
Re
(
GACDG¯
CD
B
)− 1
12
GCDEG¯
CDE (10)gAB
]
+
1
96
F˜AP1...P4F˜
P1...P4
B + κ
2
10
(
T locAB −
1
8
(10)gABT
loc
)
, (4.7)
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where T locAB is the energy-momentum tensor for the localized sources defined by
T locAB = −
2√
−(10)g
δSloc
δ(10)gAB
, (4.8)
and (10)gAB is the metric for the 10D spacetime.
Following Refs. [46, 52], we take the 10D metric as
dS210 = h
− 1
2 (x, y)gµν(x, y)dx
µdxν + h
1
2 (x, y)γmn(y)dy
mdyn, (4.9)
with
h(x, y) = h1(y) + h0(x), (4.10)
where upper case Latin indices run from 0 to 9, Greek indices run from 0 to 3
(non-compact dimensions) and lower case Latin indices run from 4 to 9 (compact
dimensions). In the following, all indices are raised by gµν and γmn. The function
h0(x) is the so-called universal Ka¨hler modulus. It should be emphasized that
this is not a simple scaling of the internal metric.
Using our metric ansatz, we can calculate the 10D Ricci tensor. The mixed
component is calculated as
Rµp = −gαβKµβp|α +Kp,µ − 1
2
h−1h,µKp, (4.11)
where we defined
Kµνp ≡ −1
2
gµν,p, Kp ≡ gµνKµνp, (4.12)
and | denotes the covariant derivative with respect to gµν , that is,
Kµδp|α ≡ Kµδp,α − (4)ΓσµαKσδp − (4)ΓσδαKµσp, (4.13)
where (4)Γσµα is the Christoffel symbol constructed from gµν . The non-compact
components are given by
Rµν =
(4)Rµν(g)− h−1h|µν + 1
4
h−1gµνh
|α
|α +
1
4
h−2gµνh;a;a −
1
4
h−3h;ah;agµν
+h−1K ;bµνb −
1
4
h−2h;bKbgµν − h−1K bµνKb + 2h−1K δν bK bµδ , (4.14)
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where ; denotes covariant derivative with respect to γab, that is,
Kµνb;a ≡ Kµνb,a − (6)ΓcabKµνc, (4.15)
where (6)Γcab is the Christoffel symbol constructed from γab. The compact com-
ponents of the Ricci tensor are
Rab =
(6)Rab(γ) +
1
4
h−2h;dh;dγab − 1
4
h−1h;d;dγab −
1
4
h
|δ
|δγab −
1
2
h−2h;ah;b
+Ka;b − 1
2
h−1 (h,bKa + h,aKb) +
1
4
h−1h;cKcγab −KαβaKαβb. (4.16)
Note that the self duality of the 5-form field must be imposed by hand
F˜(5) = ∗F˜(5). (4.17)
We shall take the self-dual 5-form field in the form
F˜(5) = (1 + ∗)
√−gdyα(x, y) ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3, (4.18)
Then the self duality condition (4.17) is automatically satisfied and the only
non-zero components of F˜(5) are
F˜(5)aµ0 ···µ3 = α;a
(4)εµ0···µ3 , (4.19)
F˜(5)n1···n5 = −h2α;c(6)εcn1···n5, (4.20)
where (4)εµ0···µ3 denotes the Levi-Civita tensor with respect to gµν and
(6)εcn1···n5
denotes the Levi-Civita tensor with respect to γmn.
4.3 Gradient expansion method
In this section, we will use the gradient expansion method to solve the 10D
Einstein equations (4.7).
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4.3.1 Gradient expansion
The gradient expansion is based on the assumption that x derivatives are sup-
pressed compared with y derivatives
∂2x ≪ ∂2y . (4.21)
See section 1.4 and subsection 2.4.2 for more details on the gradient expansion
method. Using this assumption, we can reduce the partial differential equations
with respect to x and y to a set of ordinary differential equations with respect to
x. We expand the metric as
gµν(x, y) =
(0)
gµν (x, y)+
(1)
gµν (x, y) + · · · , (4.22)
where the first order quantities are of the order ∂2x/∂
2
y . Accordingly, Kµνp is also
expanded as
Kµνp =
(0)
Kµνp +
(1)
Kµνp + · · · . (4.23)
4.3.2 First order equations
We assume that at zeroth-order, the axion/dilaton is constant and the 3-form
field only has non-zero components in the compact space, i.e.
G(3) =
1
3!
Gabc(y)dy
a ∧ dyb ∧ dyc. (4.24)
Furthermore, we assume that the zeroth-order metric is independent of the com-
pact coordinates
(0)
gµν (x, y) =
(0)
gµν (x). (4.25)
The Bianchi identity/equation of motion for the 5-form field becomes
α;c;c + 2h
−1h;cα
;c = ih−2
Gpqr ∗6 G¯pqr
12Imτ
+ 2κ210h
−2T3ρ
loc
3 , (4.26)
at zeroth order where ∗6 is the Hodge dual with respect to gab and we defined a
rescaled D3 charge density ρloc3 which does not depend on h. We define ω as
ω = α− h−1. (4.27)
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Then the Bianchi identity is rewritten as
− h;c;c = −h2ω;c;c − 2hh;cω;c + i
Gpqr ∗6 G¯pqr
12Imτ
+ 2κ210T3ρ
loc
3 . (4.28)
The non-compact components of the Einstein equations (4.7) can be rewritten as
(4)Rµν −h−1
(
h|µν − 1
4
(0)
gµν h
|α
|α
)
+ h−1
(1)
K ;bµνb −
1
4
h−2h;b
(1)
Kb
(0)
gµν +
1
4
ω;c;c
(0)
gµν
= − h
−2
96Imτ
(0)
gµν
∣∣iG(3) − ∗6G(3)∣∣2 + κ210
2
h−2
(0)
gµν
(
T3ρ
loc
3 − µ3(y)
)
,(4.29)
where (4)Rµν denotes the Ricci tensor constructed from gµν , µ3(y) = µ3δ(y −
yi)/
√
γ which is independent of h and we dropped the non-linear term in ω. In
the same way, the compact equations can be rewritten as
(6)Rab − 1
4
h
|δ
|δγab+
(1)
Ka;b −1
2
h−1
(
h,b
(1)
Ka +h,a
(1)
Kb
)
+
1
4
h−1h;c
(1)
Kc γab
=
1
4
hω;c;cγab +
1
2
(h;aω;b + h;bω;a)
+
h−1
4Imτ
[
Re
(
GacdG¯
cd
b
)− 1
12
GcdeG¯
cdeγab − i
12
Gpqr ∗6 G¯pqrγab
]
+κ210
(
T locab −
1
8
h
1
2γabT
loc − 1
2
h−1T3ρloc3 γab
)
, (4.30)
where (6)Rab denotes the Ricci tensor constructed from γab.
The GKP solution is obtained by taking
∗6 G(3) = iG(3), ω = 0, (4.31)
with local sources that satisfy µ3(y) = T3ρ
loc
3 . With these conditions, it is straight-
forward to show that the 10D equations motion are satisfied. Then the warp factor
is determined by
− h;a;a =
1
12Imτ
GpqrG¯
pqr + 2κ210T3ρ
loc
3 . (4.32)
Our strategy is to assume that ω, (6)Rab and the right hand sides of Eqs. (4.29)
and (4.30) are first order in the gradient expansion and take into account these
contributions as a source for the 4D dynamics of gµν(x) and h0(x).
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4.4 4D Effective equations
In this section we solve the 10D Einstein equations to get the 4D effective Einstein
equations. Hereafter we omit the superscript (i) that denotes the order of the
gradient expansion. A key point is the consistency condition that implies that the
integration of the total derivative term over the 6D internal dimension vanishes
∫
d6y
√
γv;c = 0, (4.33)
for an arbitrary v. This condition provides the boundary conditions for the 10D
gravitational fields and yields the 4D effective equations.
First let us take the trace of Eq. (4.29);
(4)R +
(
h−1Kc + ω;c
);c
= − h
−2
24Imτ
∣∣iG(3) − ∗6G(3)∣∣2 + 2κ210h−2 (T3ρloc3 − µ3(y)) .
(4.34)
Then integrating Eq. (4.34) over the internal manifold, we get
(4)R = − 1
24V(6)Imτ
∫
d6y
√
γh−2
∣∣iG(3) − ∗6G(3)∣∣2
+2
κ210
V(6)
∫
d6y
√
γh−2
(
T3ρ
loc
3 − µ3(y)
)
, (4.35)
where V(6) is the volume of the internal space
V(6) ≡
∫
d6y
√
γ. (4.36)
On the other hand, by combining Eq. (4.29) with Eq. (4.34), we obtain the
traceless part of the equation
(4)Rµν − 1
4
gµν
(4)R−h−1
(
h|µν − 1
4
gµνh
|δ
|δ
)
+h−1
(
Kµνb − 1
4
gµνKb
);b
= 0. (4.37)
Integrating this over the compact space we obtain
(4)Rµν − 1
4
gµν
(4)R = H−1
(
h|µν − 1
4
gµνh
|δ
|δ
)
, (4.38)
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where the function H(x) is defined as
H(x) ≡ h0(x) + C, (4.39)
where
C ≡ 1
V(6)
∫
d6y
√
γh1(y). (4.40)
Here h1(y) is obtained by solving Eq. (4.32). Finally, we need an equation that
determines the dynamics of h0(x). Let us calculate the trace of Eq. (4.30)
(6)R − 3
2
h
|δ
|δ +K
;a
a +
1
2
h−1h;aKa =
3
2
h
(
ω;c;c +
2
3
h−1h;cω;c
)
+
h−1
16Imτ
∣∣iG(3) − ∗6G(3)∣∣2 + 3κ210h−1 (µ3(y)− T3ρloc3 ) . (4.41)
Combining Eq. (4.41) with Eq. (4.34) we get
(6)R +
1
2
h(4)R− 3
2
h
|µ
|µ +
(
3
2
Kc − hω;c
);c
=
h−1
24Imτ
∣∣iG(3) − ∗6G(3)∣∣2
+2κ210h
−1 (µ3 − T3ρloc3 ) . (4.42)
Then integrating this over the compact space we obtain the equation of motion
for H(x)
H
|δ
|δ =
H
3
(4)R +
2
3V(6)
∫
d6y
√
γ(6)R
− 1
36V(6)Imτ
∫
d6y
√
γh−1
∣∣iG(3) − ∗6G(3)∣∣2
−4
3
κ210
V(6)
∫
d6y
√
γh−1
(
µ3(y)− T3ρloc3
)
. (4.43)
4.5 The 4D effective theory
The effective 4D equations are summarized as
(4)Gµν = H
−1
(
H|µν − gµνH |δ|δ − V gµν
)
, (4.44)
H
|δ
|δ = −
4
3
V +
2
3
H
dV
dH
, (4.45)
CHAPTER 4. THE 4D EFFECTIVE THEORY IN TYPE IIB SUGRA 81
where the potential V (H) is given by
V (H) = − 1
2V(6)
∫
d6y
√
γ(6)R +
1
48V(6)Imτ
∫
d6y
√
γh−1
∣∣iG(3) − ∗6G(3)∣∣2
+
κ210
V(6)
∫
d6y
√
γh−1
(
µ3(y)− T3ρloc3
)
. (4.46)
They can be deduced from the following 4D effective action
Seff =
1
2κ24
∫
d4x
√−g [H(4)R(g)− 2V (H)] , (4.47)
where κ24 = κ
2
10/V(6), which can be determined by integrating the 10D action over
the six internal dimensions.
Performing the conformal transformation gµν = H
−1fµν we can write the
previous 4D action in the 4D Einstein frame as
SE =
1
2κ24
∫
d4x
√
−f
[
R(fµν)− 3
2
(∇ lnH)2 − 2V (H)H−2
]
, (4.48)
where now ∇ denotes the covariant derivative with respect to the Einstein frame
metric fµν . The 4D effective equations of motion in the Einstein frame are given
by
Rµν(f) =
3
2
(∇µ lnH) (∇ν lnH) + V (H)H−2fµν , (4.49)
∇α∇α lnH = −4
3
V (H)H−2 +
2
3
dV
dH
H−1. (4.50)
By defining ρ(x) = iH(x), the kinetic term can be rewritten into a familiar form
SE,kin =
1
2κ24
∫
d4x
√
−f
[
R− 6 ∂µρ∂
µρ¯
|ρ− ρ¯|2
]
. (4.51)
We would find the same result for the kinetic term for the universal Ka¨hler
modulus even if the wrong metric ansatz Eq. (4.1) was used to perform a dimen-
sional reduction where ρ(x) = ie4u(x). In a region where the warping is negligible
h1(y) ≪ h0(x), H(x) can be identified as e4u(x), which is the simple scaling of
the internal metric. However, in a region where the warping is not negligible, the
original 10D dynamics is completely different between (4.1) and (4.9) [46].
The potential associated with the 3-form agrees with the result obtained in
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Ref. [52]. It should be emphasized that this potential is positive-definite. Nev-
ertheless, the 3-form contribution to the 4D Ricci scalar (4)R is negative definite
[96, 97] in accordance with the no-go theorem for getting de Sitter spacetime
[99]. The resolution is the kinetic term of the modulus H(x), that is, (4)R is not
directly related to V [52]. In fact the 4D Ricci scalar is related to the potential
as
(4)R = H−1
(
4V + 3H
|δ
|δ
)
= 2
dV
dH
. (4.52)
At the minimum of the potential we have (4)R = V = dV/dH = 0, but, if we
move away from the minimum and the modulus H(x) is moving, the potential
cannot be read off from (4)R.
We also notice that D3 branes with µ3(y) = T3ρ
loc
3 do not give any gravi-
tational energy in the 4D effective theory. On the other hand, anti-D3 branes
with µ3(y) = −T3ρloc3 give a potential energy. This was used to realize de Sitter
vacuum [100].
4.6 Discussions
In this chapter, we presented a systematic way to derive the 4D effective theory
by consistently solving the type IIB supergravity equations of motion in warped
compactifications with fluxes and branes. We used the gradient expansion method
to solve the 10D equations of motion. The consistency condition that the inte-
gration of the total derivative terms over the internal 6D space vanishes gives the
boundary conditions for the 10D gravitational fields. These boundary conditions
give the 4D effective equations. Once the solutions for the 4D effective equations
are obtained, we can determine the backreaction to the 10D geometry by solving
Eqs. (4.34),(4.37) and (4.42).
We did not introduce the stabilization mechanism for the modulus H(x). It is
essential to stabilize this universal Ka¨hler modulus to get a viable phenomenology
[100]. Usually, non-perturbative effects are assumed to give a potential to this
moduli. The non-perturbative effects will modify the 10D dynamics and the 4D
effective potential have to be consistent with this 10D dynamics. Most works so
far introduce the non-perturbative potentials for the modulus field directly in the
4D effective theory and it is not clear this is consistent with the original 10D dy-
namics. It is desirable to derive the potential for the moduli fields by consistently
solving the 10D Einstein equation with non-perturbative corrections. In addition,
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a mobile D3 brane plays a central role to realize inflation [95]. The D3 brane with
µ3 = T3 probes a no-scale compactification and the brane can sit at any point of
the compact space with no energy cost. In fact, the D3 brane does not give any
gravitational energy in the 4D effective theory. However, once the stabilization
mechanism is included, this is no longer true. This is in fact an important effect
which generally yields a potential for the D3 brane that is not enough flat for
slow roll. It was also pointed out that the gravitational backreaction of the D3
brane is essential to calculate the corrections to the potential [101].
The method presented in this chapter can be extended to include the non-
perturbative effects by introducing an effective 10D energy-momentum tensor in
the 10D Einstein equations. It is also possible to include a moving D3 brane in our
scheme along the line of Ref. [91, 102], which studied the dynamics of D-branes
with self-gravity in a 5D toy model. Then we can calculate the potential for a
mobile D3 brane by taking into account the stabilization and the backreaction
of the D3 brane. In addition, it is essential to study how the motion of the D3
brane is coupled to 4D gravity in order to address the dynamics of inflation.
These issues are left as open questions.
Chapter 5
Introduction to brane inflation
So far we have seen how to obtain the 4D effective theories of gravity from the
more fundamental higher-dimensional theories. It is now important to consider
applications of these 4D effective theories in cosmology. Specifically we will dis-
cuss the application of brane-world models to inflationary cosmology know as
brane inflation.
This chapter is meant to give a brief introduction to the idea of brane inflation.
There are several good reviews of brane inflation in the literature, see [1, 103,
104]. We shall discuss the main features of brane inflation, in particular the so-
called DBI-inflation model, where DBI stands for Dirac-Born-Infeld. The DBI-
inflation model is rather interesting because the particular and unusual form of
the kinetic energy of the inflaton can give rise to novel observational signatures.
For example, it can produce large non-Gaussianities in the distribution of the
primordial curvature perturbation. The next two chapters will be dedicated to
the study of non-Gaussianities in rather general models of inflation. The models
considered will include the DBI-inflation model as a particular case, which was
our main motivation to study models with non-standard kinetic energy.
Before introducing the general ideas of brane inflation, in the next section we
shall briefly introduce a much older model of standard inflation and explain why
is inflation required in the first place.
5.1 Standard inflation
Inflation is a period of accelerated expansion in the very early universe. Dur-
ing this period the scale factor grew at least thirty orders of magnitude. This
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extremely fast and brief expansion is needed to solve or aleviate the fine tuning
problems of the standard big bang theory. For nice reviews on inflation see for
example [105, 106].
For instance, within the standard big bang model there is no explanation
for why is the cosmic microwave background radiation (CMBR) so homogeneous
and isotropic. In fact, regions of the CMBR sky separated by more than one
degree would have been causally disconnected at the time when the photons
were emitted. This is called the horizon problem. Inflation solves this problem
by increasing the particle horizon so that all regions of the present observable
universe were in causal contact in the past.
From observations we know that today the ratio of the energy density to the
critical density is within a few percent of unity [107]. But during the standard
big bang theory this ratio is driven away from one. This implies that in the early
universe this ratio would have to be extremely fine tuned to unity. This is the
flatness problem. The inflationary solution is simple. Because of the accelerated
expansion, the total energy density is driven towards the critical density to an
arbitrary precision depending on the duration of inflation. Inflation was originally
proposed to solve these and other problems of the standard big bang theory [108].
Later it was realized that inflation can also explain much more. For example, it
can be used to explain the observed fluctuations in the CMBR. Inflation increases
the wavelength of the fluctuations of any light scalar field. When these cross
the horizon they become classical perturbations that will seed the primordial
perturbations that will eventually grow into large scale structures, like clusters
of galaxies that we see today. When the inflationary predictions are compared to
observations they agree quite well, providing us strong evidence for inflation.
Accelerated expansion, i.e. a¨ > 0, implies that the equation of state parameter
of the fluid is
ω < −1
3
. (5.1)
To have quasi-exponential expansion we further require that the Hubble param-
eter varies slowly, i.e.
ǫ = − H˙
H2
≪ 1, (5.2)
this implies ω ≈ −1, that is the cosmological constant case. ǫ is called the slow-
roll parameter. In order to inflation to last long enough to solve the horizon and
flatness problems we need the inflaton field to accelerate slowly. Equivalently, we
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define another slow-roll parameter like
δ = − φ¨
Hφ˙
, (5.3)
and we require it to be small. φ denotes the scalar field that is sustaining inflation.
For a standard kinetic term, single field inflation model with potential V (φ) the
previous two conditions are equivalent to require that the slope and the curvature
of the potential are small.
Usually inflation is caused by one (or more) scalar field as just described. One
important open question in inflation is the origin of these scalar fields. Using a
more fundamental theory, like string theory, brane inflation tries to address this
problem by finding natural candidates for the inflaton. Natural candidates are
the scalar fields that describe the positions of a brane in the higher-dimensional
spacetime. In the next section, we shall introduce the main ideas of brane infla-
tion.
5.2 Brane inflation
The first brane inflation model was proposed in 1998 by Dvali and Tye [109]. They
pointed out that the interaction energy between a D3-brane and its antibrane (a
D3-brane) in a higher-dimensional spacetime can give rise to inflation. In this
model, inflation ends when the two branes collide, annihilating each other. The
energy released by the annihilation is used to reheat the universe that then follows
the usual big bang model. Figure 5.1 is a schematic representation of this scenario.
There are two (or more) branes separated by a distance r. This distance r plays
the role of the inflaton in the 4D effective theory. When the distance between
the branes is of order 1/Ms, where Ms is the string mass scale, the field becomes
tachyonic and inflation ends. From a 4D viewpoint brane-antibrane inflation is
very similar to hybrid inflation.
For a large separation, the interaction energy between the D3/D3 pair is [95]
V (r) = 2T3
(
1− 1
2π3
T3
M8(10)r
4
)
, (5.4)
where T3 is the tension of the D3-brane, M
2
(10) is the 10D Planck mass and it is
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Figure 5.1: Brane-antibrane inflation and reheating.
given by
M8(10) =
M2P l
L6
, (5.5)
where M2P l is the 4D Planck mass and L
6 is the volume of the compact manifold.
There is a problem with this model/potential. If one defines the usual slow-roll
parameters as
ε =
M2P l
2
(
V ′
V
)2
, η = M2P l
V ′′
V
, (5.6)
where a prime denotes derivative with respect to the canonically normalized field
φ, given by φ =
√
T3r, then to have long lasting inflation we need ε, η ≪ 1. For
the potential (5.4)
η ∼ −0.3
(
L
r
)6
, (5.7)
and η ≪ 1 is only possible if r > L. To have r > L is impossible in a manifold
of size L. One possible and natural way to evade this η-problem is to consider
brane inflation in a warped geometry [95]. We will discuss such models in the
next section.
5.3 The KKLMMT model: slow-moving brane
In this section, we present the Kachru et al. (KKLMMT) model [95] of warped
brane inflation. They consider a D3-brane and an anti-D3-brane in a 5D anti-
de-Sitter space (AdS5). In [95], the authors also provide a concrete example of
warped brane inflation in string theory. In that case the AdS5 is replaced by
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Figure 5.2: D3 and D3 branes in the KKLMMT model. From [1].
the Klebanov-Strassler geometry [39], but the latter can be well approximated by
AdS5×S5 in the region far away from the tip of the geometry and this is a region
of interest to study inflation. Thus, we shall present the AdS5 case because it
captures the essential features despite being simpler.
The D3-brane is fixed at the infrared end of the geometry (region with small
values of the warp factor). The D3-brane is mobile and experiences a small
attractive force towards the D3-brane as in figure 5.2. If the D3-brane(s) were
to be absent then the D3-brane would feel no force in this background as the
electrostatic repulsion coming from the 5-form background flux exactly cancels
the gravitational attraction.
They consider a string theory compactification on AdS5× S5. It is a solution
of the 10D supergravity with a 5-form field strength F5. The metric is
ds2 = h−
1
2 ηµνdx
µdxν + h
1
2dr2, (5.8)
where the warp factor h is h = R4/r4. R is the characteristic length scale of the
AdS5 spacetime and it is related to the 5-form charge. We choose to truncate
the AdS5 to the region where r0 < r < rmax. From (5.8) one sees that the region
of small r is the bottom of the gravitational well, this justifies the assumption
of placing the D3-brane(s) at the infrared end of the geometry. We denote the
position of the D3-brane by r0. The background 5-form field is
(F5)rxµ =
4r3
R4
, (5.9)
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and the 4-form gauge potential C4 is
(C4)xµ =
r4
R4
. (5.10)
The location of the D3-brane is denoted by r1. The motion of the D3-brane is
described by the Born-Infeld action plus the Chern-Simons action as
S = −T3
∫
d4x
√−g r
4
1
R4
√
1− R
4
r41
gµν∂µr1∂νr1 + T3
∫
d4x (C4)xµ , (5.11)
where gµν is the inverse metric along the non-compact directions. T3 is the D3-
brane tension. The action for a D3-brane is similar to the previous action with
the sign of the second term changed, because a D3-brane has opposite 5-form
charge. Now it is easy to see that if the D3-brane is slow-moving and there are
no D3-branes then the two contributions in (5.11) cancel each other partially to
give
S = T3
∫
d4x
√−g1
2
gµν∂µr1∂µr1. (5.12)
This means that at low energies the D3-brane behaves as a free field.
Now, if we introduce a single D3-brane this will perturb the metric and the
F5. The D3-brane will acquire a potential energy as [95]
V = 2T3
r40
R4
(
1− 1
N
r40
r41
)
, (5.13)
where N is the number of D3-branes that are present elsewhere in the manifold
and create the warping. The previous expression is valid in the limit r1 ≫ r0. The
first term is a constant potential energy due to the presence of the D3-brane, but
the effective tension of the antibrane is reduced by a factor r40/R
4. The second
term is location dependent and the minus sign indicates attraction between the
branes. It is slow varying as the inverse fourth power of the radial location of
the D3-brane. This term is also suppressed relatively to the first constant term.
Then we can naturally get ε, η≪ 1.
This model is not totally free of problems, in particular a version of the so-
called η-problem discussed in the previous section is still present due to coupling
to gravity, see [95] for details.
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5.4 The DBI model: “relativistic” regime
We have seen in the previous section that if the brane is moving slowly (“slow-
roll” regime) and if the potential is flat enough then inflation occurs. References
[110, 111, 112, 113] noted that inflation is also possible in a different regime of
the parameter space. They realized that inflation is possible even if the potential
is steep and the D3-brane is “relativistic”. In their model, the warped geometry
slows down the inflaton field even on a steep potential. They called this model
DBI-inflation because the action that governs the movement of the brane has the
form of the DBI action. It reads
S =
M2P l
2
∫
d4x
√−gR
−
∫
d4x
√−g
(
f(φ)−1
√
1 + f(φ)gµν∂µφ∂νφ− f(φ)−1 + V (φ)
)
, (5.14)
where f(φ) is related to the warp factor and φ is the rescaled position of the D3-
brane in the throat. V (φ) is the potential energy that arises from interactions
with the background fields. For an AdS-like throat, f(φ) ∝ φ−4.
There are two different situations that have been studied in the literature.
The ultraviolet (UV) model [110, 111], where the inflaton moves from the UV
side of the throat to the tip of the geometry (the infrared (IR) side), under the
potential
V (φ) ≃ 1
2
m2φ2, m≫ MP l√
λ
, (5.15)
where λ is a parameter that depends on the background fluxes.
The other model that has been studied is the IR model [112, 113], where the
brane moves away from the tip of the throat towards the Calabi-Yau part of the
manifold. In this case the potential is
V (φ) ≃ V0 − 1
2
m2φ2, m ∼ H. (5.16)
In the spatially homogeneous case the Lagrangian is
P (X, φ) = −f(φ)−1
√
1− 2Xf(φ) + f(φ)−1 − V (φ), (5.17)
where X is defined as X = −1/2∂µφ∂µφ = φ˙2/2. The requirement that the
argument of the square root in the Lagrangian has to be non-negative gives a
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speed limit for the inflaton as
1− fφ˙2 ≥ 0. (5.18)
We can define the speed of sound cs as cs =
√
1− fφ˙2. If the inflaton’s speed
is close to saturating the previous bound its speed is said to be relativistic. In
this case, cs ≪ 1 and φ˙ ≃ ±1/
√
f(φ). The requirement that ǫ ≡ − H˙
H2
≪
1 implies that the potential energy dominates over the kinetic energy during
inflation despite the fact that the inflaton is moving relativistically.
In the next chapter, we shall study linear and non-linear perturbations of gen-
eral models of inflation that include DBI-inflation as a particular case. We will be
interested in calculating the higher-order statistics of the curvature perturbation.
5.5 Multiple field DBI-inflation
So far in this introductory chapter we have only discussed single field models of
brane inflation. The inflaton field was identified with the position of a D3-brane
in a higher-dimensional spacetime, like an AdS5 throat for example. However,
in more realistic string theory compactifications [13, 95] the throat is a 6D space
that possesses a radial direction but also five angular coordinates. In general, one
expects a probe D3-brane to move in all these directions. From a 4D effective
theory point of view, each of these positions of the brane in the compact space is
described by a 4D scalar field. Thus, DBI-inflation is naturally a multiple field
inflationary model.
Some cosmological implications of including angular momentum in DBI brane
inflation have been considered in [114, 115]. Due to some confusion in recent lit-
erature about the correct action for multi-field DBI-inflation here we shall outline
the derivation of the multi-field DBI action [116, 117].
We consider a D3-brane with tension T3 moving in a 10D warped string com-
pactification. The 10D metric is
ds2 = HABdY
AdY B = h−
1
2 (yK)gµνdx
µdxν + h
1
2 (yK)GIJ(y
K)dyIdyJ , (5.19)
where h is the warp factor, gµν and x
µ denote the metric and the coordinates of the
4D non-compact space respectively. GIJ and y
I are the metric and the coordinates
of the 6D internal space respectively. The 10D coordinates are denoted by Y A =
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{xµ, yI}. The dynamics of the D3-brane is described by the DBI Lagrangian
P = −T3
√−detγµν , (5.20)
where det denotes the determinant and γµν is the induced metric on the brane.
The induced metric is given by
γµν = HAB∂µY
A
(b)∂νY
B
(b), (5.21)
where Y A(b)(x
µ) is the brane embedding. They are given by Y A(b) =
(
xµ, ϕI(xµ)
)
.
Finally the induced metric on the brane can be written as
γµν = h
− 1
2
(
gµν + hGIJ∂µϕ
I∂νϕ
J
)
. (5.22)
This implies that the DBI Lagrangian is
P = −T3h−1
√−g
√
det (δµν + hGIJ∂µϕI∂νϕJ). (5.23)
Introducing the rescaled quantities
f =
h
T3
, φI =
√
T3ϕ
I , (5.24)
and a potential V
(
φI
)
, the DBI Lagrangian is
P = −f(φI)−1
(√
D − 1
)
− V (φI), (5.25)
where
D = det (δµν + fGIJ∂µφI∂νφJ) . (5.26)
The potential results from the interaction of the brane with background fields
and has been explicitly calculated in some particular cases. For the rest of this
work the potential is left unspecified and general.
It is useful to define a “kinetic matrix” as
XIJ = −1
2
∂µφ
I∂µφJ . (5.27)
Noting that
det(A) = − 1
4!
εα1α2α3α4ε
β1β2β3β4Aα1β1A
α2
β2
Aα3β3A
α4
β4
, (5.28)
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where
Aαβ = δ
α
β + fB
α
I B
I
β, B
α
I ≡ GIJ∂αφJ , BIβ ≡ ∂βφI , (5.29)
and after using the identity
εα1α2α3α4ε
α1···αjβj+1···β4 = −(4 − j)!j!δ[βj+1αj+1 · · · δβ4]α4 , (5.30)
one can show that
D = 1− 2fGIJXIJ + 4f 2X [II XJ ]J − 8f 3X [II XJJXK]K + 16f 4X [II XJJXKKXL]L . (5.31)
Because of the antisymmetrization over the field indices the last term vanishes if
there are at most three fields. For two fields the last two terms of the previous
expression vanish. For the single field case only the first two terms remain and one
recovers the result obtained in single field DBI-inflation presented in the previous
section. It turns out that the non-linear terms in XIJ of equation (5.31) also
vanish for a multi-field DBI model if one considers homogeneous configurations,
i.e., configurations in which the fields only depend on time and XIJ is given by
XIJ = 1/2φ˙Iφ˙J . This fact mislead the authors of [114, 115, 118] to ignore these
terms even in the inhomogeneous case. References [116, 117] pointed out the
importance of these terms and correctly conclude that they cannot be ignored.
Because of these terms multi-field DBI-inflation is not a particular case of multi-
field K-inflation as previously thought. In chapter 7, we will study linear and
non-linear perturbations in general multiple field inflationary model. This general
class of models includes K-inflation and DBI-inflation as particular examples. We
shall also discuss the non-Gaussianity produced in these models, focusing in the
three point functions of the adiabatic and entropy perturbations.
Chapter 6
Non-Gaussianity from the
trispectrum in general single field
inflation
6.1 Introduction
The theory of slow-roll inflation generically predicts that the observed cosmic
microwave background radiation (CMBR) anisotropies are nearly scale invariant
and very Gaussian. Indeed, the latest observations of CMBR by WMAP5 [107]
confirm these expectations. This constitutes one of the biggest achievements of
modern cosmology.
Despite its successes the theory of inflation still has many open questions.
For example, we do not know the origin of the scalar field whose energy drives
inflation, not to mention that we have never detected directly in the laboratory
these kind of particles. The energy scale at which inflation happened is unknown
by many orders of magnitude. There are many models of inflation that give
similar predictions for the power spectrum of primordial perturbations, so which
one (if any) is the correct one?
For us to move a step forward in our understanding of the very early universe
we have to work on two fronts. First the observational side. In the next few years,
with improved experiments like the Planck satellite1, we will measure the CMBR
anisotropies to an incredible resolution. For example the observational bounds on
the bispectrum (the three point correlation function of the primordial curvature
1http://www.rssd.esa.int/index.php?project=Planck
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perturbation ζ) will shrink from the present WMAP5 value −9 < fNL < 111
[107] to |fNL| . 5 [119], where the parameter fNL parameterizes the size of the
bispectrum. It is because this parameter is constrained to be small that we say
that the CMBR anisotropies are very Gaussian. The observational bounds on the
trispectrum (four point function) will also tighten significantly from the rather
weak present constraint of |τNL| < 108 [120, 121] to the future constraint of
|τNL| ∼ 560 [122], where τNL denotes the size of the trispectrum. These previous
observational bounds on the non-linearity parameters are for non-Gaussianity of
the local type. These bounds change depending on the shape of the wave vectors’
configuration [123]. This is one of the reasons why it is important to calculate
the shape dependence of the non-Gaussianity.
In face of these expected observational advances, it is then imperative to push
forward our theoretical knowledge of our theories and calculate more observa-
tional consequences of the different inflationary models to make a comparison
with observations possible. One possible direction to be followed by us and many
others is to calculate higher order statistics (like the trispectrum) of the primor-
dial curvature perturbation. These higher order statistics contain much more
information about the inflationary dynamics and if we observe them they will
strongly constrain our models. Because these higher order statistics have a non-
trivial momentum dependence (shape) they will help to discriminate between
models that have a similar power spectrum (two point function).
Calculations of the bispectrum for a single field inflationary model were done
by Maldacena [124]. He showed that the primordial bispectrum is too small (of the
order of the slow-roll parameters) to be observed even with Planck. Subsequent
work generalized Maldacena’s result to include more fields and more complicated
kinetic terms [125, 126, 127]. In [127], Chen et al. have calculated the bispectrum
for a quite general model of single field inflation. They showed that for some
models even the next-to-leading order corrections in the slow-roll expansion may
be observed.
In this chapter, we will focus our attention on the calculation of the trispec-
trum. In [128], Seery et al. have calculated the trispectrum for slow-roll multi-
field models (with standard kinetic terms) and they showed that at horizon cross-
ing it is too small to be observed. But there are models of single field inflation,
well motivated from more fundamental theories, that can produce a significant
amount of non-Gaussianity, such as Dirac-Born-Infeld (DBI) inflation [111, 129].
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In [129] the authors have computed the trispectrum for a model where the infla-
ton’s Lagrangian is a general function of the field’s kinetic energy and the field’s
value, their result was obtained using a simple method [130], that only gives the
correct leading order answer. In this chapter we will provide the equations nec-
essary to calculate the next-to-leading order corrections to the trispectrum. We
argue that for some models these corrections might become equally observable
in the future. In fact, we will calculate the fourth order action in the uniform
curvature gauge that is exact in the slow-roll expansion and therefore in prin-
ciple one could calculate all slow-roll corrections to the trispectrum of the field
perturbations.
We will also compute the exact fourth order action for the curvature pertur-
bation ζ in the comoving gauge. For a simpler inflation model (with the standard
kinetic term) this was recently done in [131]. However [131] did not consider sec-
ond order tensor perturbations. We will argue that this is an oversimplification
that leads to erroneous results. The reason simply being that at second order
in perturbation theory, scalar degrees of freedom will source second order ten-
sor perturbations and this will give a non-zero contribution for the fourth order
action and hence the trispectrum.
There are other reasons why we will perform the calculation in the comoving
gauge. First of all, in doing so we work all the time with the gauge invariant
variable ζ that is directly related with the observational quantities. The comov-
ing gauge action can also be used for other practical purposes. For example, it
can be used to calculate loop effects that can possibly have important observa-
tional consequences. It can also be used to calculate the trispectrum of models
where the potential has a “feature” (see [132, 133] for an example of such cal-
culation for the bispectrum). In the vicinity of the sudden potential “jump” the
slow-roll approximation temporarily fails and one might get an enhancement of
the trispectrum. There are well motivated models of brane inflation where the
throat’s warp factor suddenly jumps [134].
This chapter is organized as follows. In the next section, we introduce the
model under consideration. In section 6.3 we shall study non-linear perturbations.
First, we compute the fourth order action in the comoving gauge including both
scalar and second order tensor degrees of freedom. After that we compute the
fourth order action in the uniform curvature gauge. In section 6.4, we present
the formalism needed to calculate the trispectrum. In section 6.5, we calculate
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the leading order trispectrum using the comoving gauge action. We comment
on previous works and on the observability of next-to-leading order corrections.
Section 6.6 is devoted to conclusions.
6.2 The model
In this work, we will consider a fairly general class of models described by the
following action
S =
1
2
∫
d4x
√−g [M2P lR + 2P (X, φ)] , (6.1)
where φ is the inflaton field, MP l is the Planck mass that we will set to unity
hereafter, R is the Ricci scalar and X ≡ −1
2
gµν∂µφ∂νφ is the inflaton’s kinetic
energy. gµν is the metric tensor. We label the inflaton’s Lagrangian by P and we
assume that it is a well behaved function of two variables, the inflaton field and
its kinetic energy.
This general field Lagrangian includes as particular cases the common slow-
roll inflation model, DBI-inflation [110, 111] and K-inflation [135].
We are interested in flat, homogeneous and isotropic Friedman-Robertson-
Walker universes described by the line element
ds2 = −dt2 + a2(t)δijdxidxj, (6.2)
where a(t) is the scale factor. The Friedman equation and the continuity equation
read
3H2 = ρ, (6.3)
ρ˙ = −3H (ρ+ P ) , (6.4)
where the Hubble rate is H = a˙/a, ρ is the energy of the inflaton and it is given
by
ρ = 2XP,X − P, (6.5)
where P,X denotes the derivative of P with respect to X .
It was shown in [136] that for this model the speed of propagation of scalar
perturbations (“speed of sound”) is cs given by
c2s =
P,X
ρ,X
=
P,X
P,X + 2XP,XX
. (6.6)
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We define the slow variation parameters, analogues of the slow-roll parameters,
as:
ǫ = − H˙
H2
=
XP,X
H2
, (6.7)
η =
ǫ˙
ǫH
, (6.8)
s =
c˙s
csH
. (6.9)
We should note that these slow variation parameters are more general than the
usual slow-roll parameters and that the smallness of these parameters does not
imply that the field is rolling slowly. We assume that the rate of change of the
speed of sound is small (as described by s) but cs is otherwise free to change
between zero and one.
It is convenient to introduce the following parameters that describe the non-
linear dependence of the Lagrangian on the kinetic energy:
Σ = XP,X + 2X
2P,XX =
H2ǫ
c2s
, (6.10)
λ = X2P,XX +
2
3
X3P,XXX , (6.11)
Π = X3P,XXX +
2
5
X4P,XXXX . (6.12)
These parameters are related to the size of the bispectrum and trispectrum. The
power spectrum of the primordial quantum fluctuation was first derived in [136]
and reads
P ζk =
1
36π2
ρ2
ρ+ P
=
1
8π2
H2
csǫ
, (6.13)
where it should be evaluated at the time of horizon crossing cs∗k = a∗H∗. The
spectral index is
ns − 1 = d lnP
ζ
k
d ln k
= −2ǫ− η − s. (6.14)
WMAP observations of the perturbations in the CMBR tell us that the previous
power spectrum is almost scale invariant therefore implying that the three slow
variation parameters should be small at horizon crossing, roughly of order 10−2.
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6.3 Non-linear perturbations
In this section, we will consider perturbations of the background (6.2) beyond
linear order. There is a vast literature on second order perturbations that is
important when one is interested in calculating three point correlation functions,
see for example [124, 125, 127, 137]. We are interested in non-Gaussianities that
come from the trispectrum and so we need to use third order perturbation theory.
For that we need to compute the fourth order in the perturbation action. In this
section we will obtain the fourth order action in two different gauges. As a check
on our calculations we will compute the leading order (in slow roll) trispectrum
in both gauges. We will follow the pioneering approach developed by Maldacena
[124] and used in several subsequent papers [125, 126, 129, 128].
For reasons that will become clear later it is convenient to use the ADMmetric
formalism [138]. The ADM line element reads
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (6.15)
where N is the lapse function, N i is the shift vector and hij is the 3D metric.
The action (6.1) becomes
S =
1
2
∫
dtd3x
√
hN
(
(3)R + 2P
)
+
1
2
∫
dtd3x
√
hN−1
(
EijE
ij − E2) . (6.16)
The tensor Eij is defined as
Eij =
1
2
(
h˙ij −∇iNj −∇jNi
)
, (6.17)
and it is related to the extrinsic curvature by Kij = N
−1Eij . ∇i is the covariant
derivative with respect to hij and all contra-variant indices in this section are
raised with hij unless stated otherwise.
The Hamiltonian and momentum constraints are respectively
(3)R + 2P − 2π2N−2P,X −N−2
(
EijE
ij − E2) = 0,
∇j
(
N−1Eji
)−∇i (N−1E) = πN−1∇iφP,X , (6.18)
where π is defined as
π ≡ φ˙−N j∇jφ. (6.19)
CHAPTER 6. THE TRISPECTRUM IN SINGLE FIELD INFLATION 100
We decompose the shift vector N i into scalar and intrinsic vector parts as
Ni = N˜i + ∂iψ, (6.20)
where ∂iN˜ i = 0, here indices are raised with δij .
Before we consider perturbations around our background let us count the
number of degrees of freedom (dof) that we have. There are five scalar functions,
the field φ, N , ψ, deth and hij ∼ ∂i∂jH , where H is a scalar function and deth
denotes the determinant of the 3D metric. Also, there are two vector modes
N˜ i and hij ∼ ∂iχj , where χj is an arbitrary vector. Both N˜ i and χj satisfy
a divergenceless condition and so carry four dof. Furthermore, we also have a
transverse and traceless tensor mode γij that contains two additional dof. Because
our theory is invariant under change of coordinates we can eliminate some of these
dof. For instance, a spatial reparametrization like xi = x˜i + ∂i ǫ˜(x˜, t˜) + ǫi(t)(x˜, t˜),
where ǫ˜ and ǫi(t) are arbitrary and ∂iǫ
i
(t) = 0, can be chosen so that it removes
one scalar dof and one vector mode. A time reparametrization would eliminate
another scalar dof. Constraints in the action will eliminate further two scalar dof
and a vector mode. In the end we are left with one scalar, zero vector and one
tensor modes that correspond to three physical propagating dof.
In the next subsection we shall use two different gauges that correctly pa-
rameterize these dof. Because physical observables are gauge invariant we know
that both gauges have to give the same result for the trispectrum for instance. It
seems then unnecessary to perform the calculation twice in different gauges. In
practice, we will see that both gauges have advantages and disadvantages and one
is more suitable for some applications than the other. Furthermore, it provides a
good consistency check on the calculation.
6.3.1 Non-linear perturbations in the comoving gauge
In this subsection, we will compute the fourth order action for the general model
(6.1) in the comoving gauge. In this gauge the scalar degree of freedom is the so-
called curvature perturbation ζ that is also gauge invariant. There are a few works
on this subject using this gauge, see e.g. [131], where the authors have calculated
the fourth order action for a standard kinetic term inflation but they neglected
second order tensor perturbations. We will show that this is an oversimplification
that may lead to an erroneous result for the four point correlation function.
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In the comoving gauge, the inflaton fluctuations vanish and the 3D metric is
perturbed as
δφ = 0,
hij = a
2e2ζ hˆij , hˆij = δij + γij +
1
2
γikγ
k
j + · · · (6.21)
where dethˆ = 1, γij is a tensor perturbation that we assume to be a second order
quantity, i. e. γij = O(ζ2). It obeys the traceless and transverse conditions γii =
∂iγij = 0 (indices are raised with δij). ζ is the gauge invariant scalar perturbation.
In (6.21), we have ignored the first order tensor perturbations (1)γijGW . This
is because any correlation function involving this tensor mode will be smaller
than a correlation function involving only scalars, see results of [124]. In the
literature the second order tensor perturbations are often neglected, however they
should be taken into account. The reason for this is because at second order the
scalars will source the tensor perturbations equation. Later in this section, we
will elaborate further on this point. Higher order tensor perturbations, like (3)γij,
do not contribute to the fourth order action.
We expand N and N i in power of the perturbation ζ
N = 1 + α1 + α2 + · · · , (6.22)
N˜i = N˜i
(1)
+ N˜i
(2)
+ · · · , (6.23)
ψ = ψ1 + ψ2 + · · · , (6.24)
where αn, N˜i
(n)
and ψn are of order ζ
n.
Some useful expressions for the quantities appearing in (6.18), valid to all
orders in perturbations but for γij = 0:
(3)R = −2a−2e−2ζ (∂iζ∂iζ + 2∂i∂iζ) , (6.25)
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EijE
ij −E2 = −6
(
H + ζ˙
)2
+
4H
a2
(
1 +
ζ˙
H
)
e−2ζ
(
∂2ψ + ∂kζ∂kψ + ∂
kζN˜k
)
+a−4e−4ζ
[
1
2
∂iN˜j
(
∂iN˜ j + ∂jN˜ i
)
+ 2∂i∂jψ∂iN˜j + ∂i∂jψ∂
i∂jψ
−∂2ψ∂2ψ − 2∂iN˜j
(
∂jζN˜ i + ∂iζN˜ j
)
− 4N˜k∂iζ∂i∂kψ
−2∂iN˜j
(
∂jζ∂iψ + ∂iζ∂jψ
)− 4∂i∂jψ∂jζ∂iψ
+2∂jζ
(
∂jζN˜iN˜
i + 2∂jζN˜i∂
iψ + ∂jζ∂iψ∂
iψ
)]
, (6.26)
∇j
(
N−1Eji
)−∇i (N−1E) =
−N−2
[
− 2
(
H + ζ˙
)
∂iN +
a−2e−2ζ
2
(
− ∂jN (∂iNj + ∂jNi)
+2∂jN
(
∂jζNi + ∂iζN
j
)
+ 2∂iN∂
2ψ
)]
+N−1
[
− 2∂iζ˙ + a−2e−2ζ
(
1
2
(
∂jζ∂jN˜i − ∂jζ∂iN˜ j
)
+ ∂jζ∂
jζNi − ∂iζ∂jζNj
+∂i∂
jζNj + ∂
2ζNi − 1
2
∂2N˜i
)]
. (6.27)
In the previous equations, indices in the right-hand side are raised with δij while
indices in the left-hand side are raised with hij . In the rest of this section indices
will be raised with δij .
Now, the strategy is to solve the constraint equations for the lapse function
and shift vector in terms of ζ and then plug in the solutions in the expanded
action up to fourth order.
At first order in ζ , a particular solution for equations (6.18) is [124, 125]:
α1 =
ζ˙
H
, N˜i
(1)
= 0, ψ1 = − ζ
H
+ χ, ∂2χ = a2
ǫ
c2s
ζ˙ . (6.28)
At second order, the constraint equation for the lapse function gives
4H
a2
∂2ψ2 = −2a−2∂iζ
(
∂iζ + 2H∂iψ1
)− 4α1 (a−2∂i∂iζ − 2Σζ)− 2α21 (Σ + 6λ)
−a−4 (∂i∂kψ1∂i∂kψ1 − ∂2ψ1∂2ψ1)+ 4α2 (Σ− 3H2) , (6.29)
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and the equation for the shift vector gives
2H∂iα2 − 1
2
a−2∂2N˜i
(2)
= −a−2 (∂kα1∂k∂iψ1 − ∂iα1∂2ψ1 + ∂2ζ∂iψ1 + ∂i∂kζ∂kψ1) .
(6.30)
Due to the fact that N˜ i is divergenceless and that any vector can be separated
into a incompressible and irrotational part one can separate the contributions
from α2 and N˜i
(2)
in the previous equation. The irrotational part of Eq. (6.30)
gives
2Hα2 = ∂
−2∂iFi, (6.31)
and the incompressible part gives
1
2a2
N˜i
(2)
= −∂−2Fi + ∂−4∂i∂kFk, (6.32)
where Fi is defined as the right-hand side of equation (6.30). The operator ∂
−2 is
defined by ∂−2(∂2ϕ) = ϕ and in Fourier space it just brings in a factor of −1/k2.
It was shown in [127] that to compute the effective action of order ζn, within
the ADM formalism, one only needs to use the solution for the Lagrange multi-
pliers N and N i up to order ζn−2. Therefore in order to calculate the fourth order
effective action the knowledge of the Lagrange multipliers up to second order is
required. It is given in equations (6.28), (6.31) and (6.32).
The second order action is
S2 =
∫
dtd3x
[
a3
ǫ
c2s
ζ˙2 − aǫ (∂ζ)2
]
. (6.33)
The third order action is [124, 125, 127]
S3 =
∫
dtd3x
[
−ǫaζ (∂ζ)2 − a3 (Σ + 2λ) ζ˙
3
H3
+
3a3ǫ
c2s
ζζ˙2
+
1
2a
(
3ζ − ζ˙
H
)(
∂i∂jψ1∂i∂jψ1 − ∂2ψ1∂2ψ1
)− 2
a
∂iψ1∂iζ∂
2ψ1
]
.(6.34)
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The scalar fourth order action is
S4 =
1
2
∫
dtd3xa3
[
−a−2ǫζ2 (∂ζ)2 + α41
(
2Σ + 9λ+
10
3
Π
)
− 6ζα31 (Σ + 2λ)
−2α22
(
Σ− 3H2)+ a−4(ζ2
2
+ ζα1 + α
2
1
)(
∂kN
(1)
j ∂kN
j (1) − ∂jN (1)j ∂kN (1)k
)
−2a−4 (ζ + α1) ∂kN j (1)
(
∂kN
(2)
j − δkj∂nN (2)n − 2∂jζN (1)k
)
+a−4
(
−4∂kN (1)j ∂jζNk(2) + 2N (1)k ∂jζNk
(1)
∂jζ
)
+ 9ζ2α21Σ
+
a−4
2
∂kN˜
(2)
j ∂
kN˜ j(2) − 2a−4∂kN (2)j
(
∂jζNk
(1)
+ ∂kζN j
(1)
)]
. (6.35)
Here, no slow-roll approximation has been made. The previous action has to be
supplemented with the action containing terms with one and two tensors
Sγ2 =
1
8
∫
dtd3x
[
a3γ˙ijγ˙
ij − a∂kγij∂kγij
]
, (6.36)
Sγζ2 =
∫
dtd3x
[
−2 a
H
γij∂
iζ˙∂jζ − aγij∂iζ∂jζ − 1
2
a
(
3ζ − ζ˙
H
)
γ˙ij∂
i∂jψ1
+
1
2
a−1∂kγij∂i∂jψ1∂kψ1
]
. (6.37)
Canonical variable for quantization ζn
In order to calculate the quantum four point correlation function we follow the
standard procedure in quantum field theory. However there is an important
subtlety here. The gauge invariant quantity ζ is not the correct variable to be
quantized, because it is not a canonical field . The canonical field to be quantized
is the field perturbation δφ, or a convenient parameterization ζn defined by
ζn = −H
φ˙0
δφ, (6.38)
where φ0 is the background value of the field. We will see that ζ is related to ζn
by a non-linear transformation so for the power spectrum calculation both proce-
dures of quantizing ζ or ζn give the same answer because the difference between
these two variables is a second order quantity. However, for the calculation of
higher order correlation functions (like the bispectrum or trispectrum) ζn is the
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correct variable to be quantized as it is linear in δφ. For the trispectrum, quantiz-
ing ζ gives different results from quantizing ζn. We will find the relation between
ζ and ζn through the gauge transformation equations from the uniform curvature
gauge (discussed in detail in the next subsection) to the comoving gauge. In the
uniform curvature gauge the ansatz is
φ(x, t) = φ0 + δφ(x, t),
hij = a
2hˆij, hˆij = δij + γ˜ij +
1
2
γ˜ikγ˜
k
j + · · · (6.39)
where dethˆ = 1 and γ˜ij is a tensor perturbation that we assume to be a second
order quantity, i.e., γ˜ij = O(δφ2). The gauge transformations are
ζ(x) = ζn(x) + F2(ζn(x)) + F3(ζn(x)), (6.40)
γij = γ˜ij(t) + µij, (6.41)
where F2(ζn), µij = O(ζ2n), F3(ζn) = O(ζ3n) are the terms coming from the second
and third order gauge transformations respectively, they can be found explicitly
in appendix C or in [124, 131].
We now need to find the fourth order action for the variable ζn. Schematically,
we write the different contributions as
Sζn = S4(ζn) + Sγ2(ζn) + Sγζ2(ζn) + S3(F2(ζn)) + S2(F2(ζn)). (6.42)
The first three terms come from Eqs. (6.35-6.37) when we substitute ζ with
ζn and γij with Eq. (6.41). Due to the non-linear relation between ζ and ζn,
the third order action for ζ , Eq. (6.34), will after the change of variables give a
contribution to the fourth order action like S3(F2(ζn)). Similarly, the second order
action, Eq. (6.33), will also contribute with S2(F2(ζn)). In principle, one would
also need to compute the third order gauge transformation as the second order
action gives origin to fourth order terms like ζ˙nF˙3(ζn) (where F3(ζn) is the third
order piece of the gauge transformation). Fortunately, terms involving F3 can be
shown to be proportional to the first order equations of motion for ζn, therefore
when computing the trispectrum these terms will vanish and we do not need to
calculate the third order gauge transformation explicitly at this point. It can be
easily seen that equations (6.34), (6.35), (6.36), (6.37) or their counterparts in
terms of ζn, Eq. (6.42), have terms that are not slow roll suppressed. However,
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because in pure de Sitter space ζ is a gauge mode we expect the action (6.42) to
be slow-roll suppressed (of order ǫ). One can perform many integrations by parts
to show that the unsuppressed terms of (6.42) can be reduced to total derivative
terms and slow-roll suppressed terms given by
Sparts =
∫
dtd3x
{
− 3ǫ
aH2
[1
4
(
∂jζn∂
jζn
)2
+
1
8
ζ2n∂
2
(
∂jζn∂
jζn
)
+∂jζn∂
jζn∂
−2∂l∂k (∂lζn∂kζn) + 2∂i
(
∂kζn∂
iζn
)
∂−2∂l
(
∂kζn∂
lζn
)
+
1
2
(
∂−2∂j∂k
(
∂jζn∂
kζn
))2 ]
− 5ǫ
8a3H4
[
∂lζn∂
lζn∂
k∂j (∂kζn∂jζn)− 1
2
∂jζn∂
jζn∂
2
(
∂kζn∂
kζn
)
−1
2
∂k∂j (∂kζn∂jζn) ∂
−2∂m∂l (∂mζn∂lζn)
]}
. (6.43)
For us to be able to obtain the previous result it is crucial to include the con-
tributions from the tensor actions (6.36) and (6.37), otherwise the trispectrum
calculated using the O(ǫ0) of (6.35) does not vanish, giving the wrong leading
order result. Neglecting tensor perturbations (sourced by the scalars) for the
calculation of the trispectrum is not consistent and leads to wrong results. This
is one of the results of our work. The contribution from γ˜ij that comes through
γij in (6.36) and (6.37) will result in terms that are already slow-roll suppressed
and no further integrations by parts are need on these terms (see Eq. (6.59) of
next subsection). The final action for ζn is then
S4ζn = S
(ǫ)
ζn
+ Sparts, (6.44)
where S
(ǫ)
ζn
denotes the terms of (6.42) that are suppressed by at least one slow-roll
parameter. This final action is slow-roll suppressed as expected and no slow-roll
approximation was made so it is also exact.
6.3.2 Non-linear perturbations in the uniform curvature
gauge
In order to calculate the intrinsic four point correlation function of the field
perturbation we need to compute the action of fourth order in the perturbations.
In this subsection we will obtain the fourth order action in the uniform curvature
gauge. In this gauge, the scalar degree of freedom is the inflaton field perturbation
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δφ(xµ). There are several works in the literature where the authors also calculate
the trispectrum. In [128], Seery et al. calculate the trispectrum of a multi-
field inflation model, however the result is only valid for fields with standard
kinetic energies, i.e. P (X1, . . . , Xn, φ1, . . . , φn) = X1 + · · · + Xn − V , where
Xn is the kinetic energy of φn and V is the potential. In this chapter we will
generalize their result for an arbitrary function P (X, φ) but for single field only.
Recently, Huang and Shiu have obtained the fourth order action for the model
under consideration (6.1). However the result was obtained by only perturbing
the field Lagrangian. This procedure gives the right result as long as we are
interested in the leading order contribution in the small speed of sound limit and
in the slow-roll approximation, which was their case of interest. In the present
section we will compute the fourth order action that is valid to all orders in slow
roll and in the sound of speed expansion. To do that we have to perturb the full
action (6.1) up to fourth order in the field perturbations. The procedure to obtain
the fourth order action in this gauge is similar to the one used in subsection 6.3.1.
In this gauge, the inflaton perturbation does not vanish and the 3D metric
takes the form
φ(x, t) = φ0 + δφ(x, t),
hij = a
2hˆij, hˆij = δij + γ˜ij +
1
2
γ˜ikγ˜
k
j + · · · (6.45)
where dethˆ = 1 and γ˜ij is a tensor perturbation that we assume to be a second
order quantity, i.e., γ˜ij = O(δφ2). It obeys the traceless and transverse conditions
γ˜ii = ∂
iγ˜ij = 0 (indices are raised with δij). In the literature the second order
tensor perturbations are often neglected, however based on our results it should
be taken into account. We can always use the gauge freedom at second order
to eliminate the trace and the vector perturbations of hij. The presence of γ˜ij
makes the three dimensional hypersurfaces non-flat so using the name uniform
curvature gauge might be misleading.
We expand N and N i in powers of the perturbation δφ(x, t)
N = 1 + α1 + α2 + · · · , (6.46)
N˜i = N˜i
(1)
+ N˜i
(2)
+ · · · , (6.47)
ψ = ψ1 + ψ2 + · · · , (6.48)
CHAPTER 6. THE TRISPECTRUM IN SINGLE FIELD INFLATION 108
where αn, N˜i
(n)
and ψn are of order δφ
n and φ0(t) is the background value of the
field. At first order in δφ, a particular solution for equations (6.18) is [124, 128]:
α1 =
1
2H
φ˙0δφP,X, N˜i
(1)
= 0, ∂2ψ1 =
a2ǫ
c2s
d
dt
(
−H
φ˙
δφ
)
. (6.49)
At second order, the constraint equation for the lapse function gives
4H
a2
∂2ψ2 =
1
a4
(
∂2ψ1∂
2ψ1 − ∂i∂jψ1∂i∂jψ1
)
+ 6H2
(
3α21 − 2α2
)
+
8Hα1
a2
∂2ψ1 −
(
3φ˙0
2
α21 − 2φ˙0
2
α2 + ˙δφ
2 − 4φ˙0 ˙δφα1
)
P,X
− 1
a2
(
∂iδφ∂
iδφ− 2φ˙0∂iδφ∂iψ1
)
P,X
+δφ2P,φφ + 2φ˙0δφ
(
φ˙0α1 − ˙δφ
)
P,Xφ
− φ˙0
2
a2
(
− 10a2φ˙0 ˙δφα1 − 2φ˙0∂iδφ∂iψ1 + 6a2φ˙02α21
−2φ˙02a2α2 + 4a2 ˙δφ2 − ∂iδφ∂iδφ
)
P,XX
−φ˙04
(
φ˙0
2
α21 +
˙δφ
2 − 2φ˙0 ˙δφα1
)
P,XXX
+2φ˙0
3
δφ
(
φ˙0α1 − ˙δφ
)
P,XXφ − φ˙02δφ2P,Xφφ, (6.50)
and the equation for the shift vector gives
2H∂iα2 − 1
2
a−2∂2N˜i
(2)
= 4α1H∂iα1 + a
−2 (∂iα1∂2ψ1 − ∂kα1∂i∂kψ1)
+∂iδφ
(
˙δφ− φ˙0α1
)
P,X + ∂iδφφ˙0
2
(
˙δφ− φ˙0α1
)
P,XX
+∂iδφφ˙0δφP,Xφ, (6.51)
where P,φ means derivative of P with respect to φ.
Due to the fact that N˜ i is divergenceless and that any vector can be separated
into a incompressible and irrotational part one can separate the contributions
from α2 and N˜i
(2)
in the previous equation. The irrotational part of Eq. (6.51)
gives
2Hα2 = ∂
−2∂iFi, (6.52)
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and the incompressible part gives
1
2a2
N˜i
(2)
= −∂−2Fi + ∂−4∂i∂kFk, (6.53)
where Fi is defined as the right-hand side of equation (6.51).
The scalar fourth order action, where no slow-roll approximation has been
made, is
S4 = SA + SB, (6.54)
where
SA =
∫
dtd3x
[
− aδφ
2
[
a2α1 ˙δφ
2
+ 2∂iδφ∂
iψ1
(
˙δφ− α1φ˙0
)
+ a2φ˙20α
3
1 + α1(∂δφ)
2
+2φ˙0∂
iδφ
(
N˜i
(2)
+ ∂iψ2
) ]
P,Xφ − 1
8a
[
4φ˙40a
4α2
(
α2 − 2α21
)
+ 3φ˙40a
4α41
−18φ˙20a4α21 ˙δφ
2
+ 8φ˙20a
2∂iδφ
(
N˜i
(2)
+ ∂iψ2
)(
˙δφ− φ˙0α1
)
−4φ˙0∂iδφ∂iψ1
(
(∂δφ)2 − 3φ˙20a2α21 + 8φ˙0a2α1 ˙δφ− 3a2 ˙δφ
2
)
+ 12φ˙0a
4α1 ˙δφ
3
+4φ˙30a
4α31
˙δφ− 4 φ˙20∂iδφ∂iψ1∂kδφ∂kψ1 − 2φ˙20a2α21(∂δφ)2 − 4α1φ˙0 ˙δφa2(∂δφ)2
−a4
(
˙δφ
2−a−2(∂δφ)2
)2 ]
P,XX+
φ˙20a
12
[
6φ˙0∂iδφ∂
iψ1
(
2φ˙0α1 ˙δφ− ˙δφ2−φ˙20α21
)
+3(∂δφ)2
(
2φ˙0α1 ˙δφ− φ˙20α21
)
− 16φ˙0a2α1 ˙δφ3 + 24φ˙20a2α21 ˙δφ
2 − 12φ˙30a2α31 ˙δφ
+φ˙40a
2α41 + 3a
2 ˙δφ
2
(
˙δφ
2 − a−2(∂δφ)2
) ]
P,XXX +
φ˙0aδφ
2
[
a2 ˙δφ
3
+ 3φ˙20a
2α21
˙δφ
+
(
(∂δφ)2 + 2φ˙0∂iδφ∂
iψ1
)(
φ˙0α1 − ˙δφ
)
− 4φ˙0a2α1 ˙δφ2
]
P,XXφ
−aδφ
2
8
[
2(∂δφ)2 − 2a2 ˙δφ2 + 4a2α1φ˙0 ˙δφ+ 2a2φ˙20α21 + 4φ˙0∂iδφ∂iψ1
]
P,Xφφ
+
1
24
φ˙40a
3
[
6φ˙20α
2
1
˙δφ
2 − 4φ˙0α1 ˙δφ3 − 4φ˙30α31 ˙δφ+ φ˙40α41 + ˙δφ
4
]
P,XXXX
−1
6
φ˙30δφa
3
(
− ˙δφ3 + 3φ˙0α1 ˙δφ2 + φ˙30α31 − 3φ˙20α21 ˙δφ
)
P,XXXφ
+
1
4
φ˙20δφ
2a3
(
−2α1φ˙0 ˙δφ+ ˙δφ2 + φ˙20α21
)
P,XXφφ
−1
6
φ˙0δφ
3a3
(
α1φ˙0 − ˙δφ
)
P,Xφφφ
]
, (6.55)
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SB =
∫
dtd3x
[
α31a
3δφP,φ +
1
2
a3α21δφ
2P,φφ +
1
6
a3α1δφ
3P,φφφ +
1
24
a3δφ4P,4φ
− 1
2a
[
− (∂iδφ∂iψ1)2 − 2α1 ˙δφa2∂iδφ∂iψ1 + α21a2(∂δφ)2
+2a2∂iδφ
(
N˜i
(2)
+ ∂iψ2
)(
˙δφ− α1φ˙0
)
+ φ˙20a
4α2
(
α2 − 2α21
) ]
P,X
+
1
4a
[
2∂iN˜ j
(2)
∂(iN˜j)
(2) − 4α1∂i∂kψ1
(
∂i∂kψ2 + ∂
iN˜k
(2)
)
+12a4H2α2
(
α2 − 2α21
)
+ 4α1∂
2ψ1∂
2ψ2
]]
. (6.56)
The previous actions should be supplemented with the pure tensor terms and the
tensor-scalar coupling terms:
S =
1
8
∫
dtd3x
[
a3 ˙˜γij ˙˜γ
ij − a∂kγ˜ij∂kγ˜ij
]
, (6.57)
S =
∫
dtd3x
[
aP,X γ˜
ij∂jδφ
(
1
2
∂iδφ+ φ˙0∂iψ1
)]
. (6.58)
This constitutes the main result of this subsection. It is a good check for our
calculation to see that the previous action (6.54) reduces in some particular cases
to previously known results present in the literature.
For example, if we restrict our model to the standard inflation case, i.e.,
P (X, φ) = X − V (φ), where V (φ) is the inflaton potential, then all the terms
in the scalar action (6.55) vanish and the only contribution to the fourth order
action comes from (6.56). These terms exactly reproduce the result of Seery et al.
[128], their equation (36), restricted to single field. However, in the total fourth
order action there are also the tensor contributions (6.57) and (6.58). In general,
to proceed one has to calculate the equation of motion for the second order tensor
perturbations γ˜ij from Eqs. (6.57), (6.58) to get
γ˜′′ij + 2
a′
a
γ˜′ij − ∂2γ˜ij =
(
2P,X∂jδφ∂iδφ+ 4P,X φ˙0∂jδφ∂iψ1
)TT
, (6.59)
where TT means the transverse and traceless parts of the expression inside the
parenthesis (see appendix D for details of how to extract the TT parts of a ten-
sor) and then solve this equation to obtain γ˜ij as a function of δφ. One can
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immediately see that at second order the scalars will source the tensor perturba-
tion equation as it was previously shown by others [139, 140]. At this order in
perturbation theory, equation (6.59) should also have a source term quadratic in
the first order tensor perturbations, (1)γ˜ijGW . We neglect these terms because we
expect that any correlation function where (2)γ˜ijGW enters, which is sourced by
the first order tensor modes squared, must be smaller than a correlation function
with only scalars, see Ref. [124] for an example. In Fourier space, the source
term of (6.59) is suppressed by k2, where k is the wave number. Once we have
the solution of γ˜ij in terms of δφ we can plug back the result in (6.57) and (6.58)
to get the total fourth order scalar action.
6.4 The general formalism to calculate the
trispectrum
6.4.1 The trispectrum of ζn
Now we shall give the basic equations needed to calculate the trispectrum [124,
141]. First we need to solve the second order equation of motion for ζn (obtained
from (6.33)). Defining new variables
vk = zuk, z =
a
√
2ǫ
cs
, (6.60)
where the Fourier mode function uk is given by
uk =
∫
d3xζn(t,x)e
−ik·x, (6.61)
the equation of motion for ζn is
v′′k + c
2
sk
2vk − z
′′
z
vk = 0, (6.62)
where prime denotes derivative with respect to conformal time τ . This is also
known as the Mukhanov equation. The previous equation can be solved, at
leading order in slow roll and if the rate of change of the sound speed is small
[127], to give
uk ≡ u(τ,k) = iH√
4ǫcsk3
(1 + ikcsτ) e
−ikcsτ . (6.63)
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We do not need to impose any constraints in the sound speed and it can be
arbitrary. Only its rate of change is assumed to be small. The next-to-leading
order corrections to the previous solutions are also known and can be found in
[127]. In the general case, we would have to solve Eq. (6.62) without assuming
slow roll. This can be done numerically.
In order to calculate the ζn correlators we follow the standard procedure in
quantum field theory. ζn is promoted to an operator that can be expanded in
terms of creation and annihilation operator as
ζn(τ,k) = u(τ,k)a(k) + u
∗(τ,−k)a†(−k). (6.64)
The standard commutation relation applies
[
a(k1), a
†(k2)
]
= (2π)3δ(3)(k1 − k2). (6.65)
The vacuum expectation value of the four point operator in the interaction picture
(at first order) is [124, 141]
〈Ω| ζn(t,k1)ζn(t,k2)ζn(t,k3)ζn(t,k4)|Ω〉
= −i
∫ t
t0
dt˜〈0| [ζn(t,k1)ζn(t,k2)ζn(t,k3)ζn(t,k4), HI(t˜)] |0〉, (6.66)
where t0 is some early time during inflation when the inflaton vacuum fluctuation
is deep inside the horizon, t is some time after horizon exit. |Ω〉 is the interacting
vacuum which is different from the free theory vacuum |0〉. If one uses conformal
time, it is a good approximation to perform the integration from −∞ to 0 because
τ ≈ −(aH)−1. HI denotes the interaction hamiltonian and it is given by HI =
πζ˙n − L, where π is defined as π = ∂L∂ζ˙n and L is the lagrangian. In this work, we
will only calculate the contribution for the four point function that comes from
a part of the interaction hamiltonian determined by the fourth order lagrangian
HI = −L4, where L4 is the total lagrangian obtained from the action (6.44). We
should point out that the other terms that we do not consider here in the fourth
order interaction hamiltonian are indeed important to obtain the full leading
order result (see equation (6.75)) as was recently shown by [129].
Of course in the end we are interested in the four point correlation function
of ζ and not of ζn. At leading order in slow roll these two correlation functions
are equal but they will differ at next-to-leading order.
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6.4.2 The trispectrum of ζ
In this subsection we calculate the relation between the trispectrum of ζ , on large
scales, and the trispectrum of ζn calculated using the formalism of the previous
subsection. This relation also involves lower-order correlation functions of ζn
present in the literature. The variables ζ and ζn are related up to third order by
ζ(x) = ζn(x) + F2(ζn(x)) + F3(ζn(x)), (6.67)
where F2(ζn) = O(ζ2n), F3(ζn) = O(ζ3n) are the terms coming from the second and
third order gauge transformations respectively. F2 can be found in appendix C,
it is
F2(ζn) =
(
ǫ
2
+
φ¨0
2Hφ˙0
)
ζ2n +
1
H
ζnζ˙n + β, (6.68)
where β is given in Eq. (C.6). In the large scale limit (super-horizon scales), we
can ignore β as it contains gradient terms. F3 was calculated in [131] and reads
F3(ζn) =
( ...
φ 0
3H2φ˙0
+
ǫφ¨0
Hφ˙0
+
ǫ2
3
+
ǫη
3
)
ζ3n +
(
3φ¨0
2Hφ˙0
+ 2ǫ
)
ζ˙nζ
2
n
H
+
ζnζ˙
2
n
H2
+
ζ¨nζ
2
n
2H2
+fa(ζn) + fb(ζn, γ˜ij), (6.69)
where fa denotes terms that contain gradients (it can be found in [131]). fb is
the part of the third order gauge transformations that contains γ˜ij. The explicit
form of fb is to the best of our knowledge still unknown. To find out the explicit
dependence of these terms on ζn one would have to solve the equations of motion
for γ˜ij, equation (6.59). We do not do this in this work. We believe that these
terms will vanish in the large scale limit and therefore do not contribute to our
calculation.
A field redefinition like ζ = ζn+a1ζ
(a)
n ζ
(b)
n +a2ζ
(c)
n ζ
(d)
n , where ζ
(a,b,c,d)
n denotes one
of ζn, ζ˙n, ζ¨n, gives after using Wick’s theorem a relation between both trispectrum
like
〈ζ(x1)ζ(x2)ζ(x3)ζ(x4)〉c = {T}+ {PB}+ {PPP}+O(P ζk )4, (6.70)
where
{T} = 〈ζn(x1)ζn(x2)ζn(x3)ζn(x4)〉, (6.71)
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{PB} =
a1
[
〈ζ (a)n (x1)ζn(x2)〉〈ζ (b)n (x1)ζn(x3)ζn(x4)〉+ 〈ζ (a)n (x1)ζn(x3)〉〈ζ (b)n (x1)ζn(x2)ζn(x4)〉
+〈ζ (a)n (x1)ζn(x4)〉〈ζ (b)n (x1)ζn(x2)ζn(x3)〉+ 〈ζ (b)n (x1)ζn(x2)〉〈ζ (a)n (x1)ζn(x3)ζn(x4)〉
+〈ζ (b)n (x1)ζn(x3)〉〈ζ (a)n (x1)ζn(x2)ζn(x4)〉+ 〈ζ (b)n (x1)ζn(x4)〉〈ζ (a)n (x1)ζn(x2)ζn(x3)〉
+3 perm.
]
+a2
[
(a→ c, b→ d) + 3 perm.
]
, (6.72)
{PPP}= a21
[
〈ζ (a)n (x1)ζ (a)n (x2)〉
(
〈ζ (b)n (x1)ζn(x3)〉〈ζ (b)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (a)n (x1)ζ (b)n (x2)〉
(
〈ζ (b)n (x1)ζn(x3)〉〈ζ (a)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (b)n (x1)ζ (a)n (x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (b)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (b)n (x1)ζ (b)n (x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (a)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+5 perm.
]
+ a22
[
(a→ c, b→ d) + 5 perm.
]
+2a1a2
[
〈ζ (a)n (x1)ζ (c)n (x2)〉
(
〈ζ (b)n (x1)ζn(x3)〉〈ζ (d)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (a)n (x1)ζ (d)n (x2)〉
(
〈ζ (b)n (x1)ζn(x3)〉〈ζ (c)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (b)n (x1)ζ (c)n (x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (d)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+〈ζ (b)n (x1)ζ (d)n (x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (c)n (x2)ζn(x4)〉+ (x3 ←→ x4)
)
+5 perm.
]
, (6.73)
where “perm” means the other permutations of the preceding terms and O(P ζk )4
denotes terms that are suppressed by successive powers of the power spectrum.
(a → c, b → d) means terms equal to the immediately preceding terms with
a, b replaced by c, d respectively. (x3 ←→ x4) means a term obtained from the
preceding term with x3 and x4 interchanged.
If the field redefinition contains third order pieces like ζ = ζn + b1ζ
(a)
n ζ
(b)
n ζ
(c)
n ,
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they contribute with additional terms as
〈ζ(x1)ζ(x2)ζ(x3)ζ(x4)〉c = 〈ζn(x1)ζn(x2)ζn(x3)ζn(x4)〉
+ b1
[
〈ζ (a)n (x1)ζn(x2)〉
(
〈ζ (b)n (x1)ζn(x3)〉〈ζ (c)n (x1)ζn(x4)〉+ (b←→ c)
)
+〈ζ (b)n (x1)ζn(x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (c)n (x1)ζn(x4)〉+ (a←→ c)
)
+〈ζ (c)n (x1)ζn(x2)〉
(
〈ζ (a)n (x1)ζn(x3)〉〈ζ (b)n (x1)ζn(x4)〉+ (a←→ b)
)
+3 perm.
]
+O(P ζk )4, (6.74)
where for example (b←→ c) means a terms obtained from the term immediately
preceding with b and c interchanged. To the best of our knowledge the expec-
tation values involving operators containing derivatives of ζn have not yet been
calculated in the literature. However, once the mode function equation (6.62) is
solved, one has all the ingredients needed to calculate these expectation values,
including the interaction Hamiltonian.
6.5 Calculation of the leading order trispectrum
In this section, we will use the formalism of the previous section and the fourth
order exact interaction Hamiltonian of subsection 6.3.1 to calculate the leading
order trispectrum, under the assumption that the “slow-roll” parameters (6.7-6.9)
are always small until the end of inflation.
6.5.1 The leading order trispectrum of ζn
To calculate the leading order trispectrum of ζn in slow roll, we need to evaluate
Eq. (6.66) where HI is read from the order ǫ terms of the action (6.44). The
interaction Hamiltonian we get contains terms with γ˜ij . Fortunately it can be
shown that to compute the leading order trispectrum we do not need to know
the solution for γ˜ij and the knowledge of its equation of motion (Eq. (6.59)) is
sufficient. At this order we use the solution for the mode functions Eq. (6.63).
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The integrals in Eq. (6.66) can then be performed analytically to give
〈Ω|ζn(k1)ζn(k2)ζn(k3)ζn(k4)|Ω〉 = (2π)3δ3(k1 + k2 + k3 + k4) H
6
ǫ3c3s
1
Πik3i
×
[
3
4
(10Π + 3λ)
c2s
H2ǫ
A1 − 1
26
(
3λ− H
2ǫ
c2s
+H2ǫ
)
1
H2ǫ
A2 − 1
28
c2s − 1
c4s
A3
]
,
(6.75)
where the momentum dependent functions Ai are defined as
A1 =
Πik
2
i
K5
,
A2 =
k21k
2
2(k3 · k4)
K3
(
1 +
3(k3 + k4)
K
+
12k3k4
K2
)
+ perm.,
A3 =
(k1 · k2)(k3 · k4)
K
[
1 +
∑
i<j kikj
K2
+
3k1k2k3k4
K3
(∑
i
1
ki
)
+ 12
k1k2k3k4
K4
]
+perm., (6.76)
and “perm.” refers to the 24 permutations of the four momenta. Note that
the quantities of Eq. (6.75) are evaluated at the moment τ∗ at which the total
wave number K =
∑4
i=1 ki exits the horizon, i.e., when Kcs∗ = a∗H∗. This
leading order result agrees with the result of Huang and Shiu [129] 2 that did
their calculation in the uniform curvature gauge and using a simpler method
that it is only valid to calculate the leading order contribution for models with
cs ≪ 1. In fact, we can compare our uniform curvature gauge result (6.54) with
the result of Huang and Shiu [129]. We see that the last terms of the fourth,
sixth and ninth lines of equation (6.55) are exactly the ones obtained by [129],
their equation (15), using the method of just expanding the field Lagrangian as in
[130, 142]. For a model with a general field Lagrangian these terms are the ones
that give the leading order contribution for the trispectrum, in the small sound
speed limit, equation (6.75). The contribution coming from the tensor part will
be of next-to-leading order in this case.
For standard kinetic term inflation, Π = λ = 0 and cs = 1 and Eq. (6.75)
vanishes, the leading order is then given by the next order in slow roll.
2The full leading order result for the four point function can be found in the revised version of
[129] which takes into account all the contributions for the fourth
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6.5.2 The leading order trispectrum of ζ
It is well known that if the slow-roll conditions are satisfied until the end of
inflation and we can ignore gradient terms then the gauge invariant curvature
perturbation ζ remains constant on super-horizon scales to all order in pertur-
bation theory. In this subsection, we will see that this fact greatly simplifies the
relation between the trispectrum of ζ and ζn.
In the large scales limit, Eq. (6.67) simplifies to give
ζ = ζn + aζ
2
n +
1
H
ζnζ˙n +O(ζ3n), (6.77)
where a is defined as
a =
ǫ
2
+
φ¨0
2Hφ˙0
. (6.78)
Using the fact that ζ˙ = 0 on super-horizon scales and the equation resulting from
a time derivative of Eq. (6.77) one can show that
ζ˙n = −a˙ζ2n +O(ζ3n). (6.79)
This equation has a simple interpretation. The variable ζn is not constant outside
the horizon, only the gauge invariant quantity ζ is. This is the reason why the
term 1
H
ζnζ˙n in the second order gauge transformation cannot be ignored when
one is calculating the trispectrum of ζ . Substituting Eq. (6.79) in Eq. (6.67) and
taking the large scale limit we get
ζ = ζn + aζ
2
n + bζ
3
n + · · · (6.80)
where · · · means cubic terms that contain at least one time derivative of ζn and
that will only give a contribution to the five point function. The variable b is
defined as
b =
...
φ 0
3H2φ˙0
+
ǫφ¨0
Hφ˙0
+
ǫ2
3
+
ǫη
3
− a˙
H
= −
...
φ 0
6H2φ˙0
+
ǫφ¨20
2Hφ˙0
+
φ¨20
2H2φ˙20
+
ǫ2
3
− ηǫ
6
. (6.81)
We shall now compare (6.80) with the result given by the δN formalism [143,
144, 145, 146]. In the δN approach ζ is expanded in series in terms of the field
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perturbation as
ζ = N ′δφ+
1
2
N ′′δφ2 +
1
6
N ′′′δφ3 +O(δφ)4, (6.82)
where N is the number of e-folds and a prime denotes derivative with respect
to φ. Now comparing Eq. (6.80) with the previous equation and observing that
ζn = −Hφ˙0 δφ we expect
N ′′
2
=
H2
φ˙20
a,
N ′′′
6
= −H
3
φ˙30
b. (6.83)
We verified that this is indeed the case.
Using Wick’s theorem one can now relate the connected part of the four point
correlation function of ζ with the four point correlation function of ζn calculated in
the previous section [147, 148]. This relation also involves lower order correlation
functions of ζn, like the bispectrum 〈ζn(x1)ζn(x2)ζn(x3)〉 (the leading and next-
to-leading order in slow roll bispectrum was previously calculated in [127]). The
relation is
〈ζ(x1)ζ(x2)ζ(x3)ζ(x4)〉c = 〈ζn(x1)ζn(x2)ζn(x3)ζn(x4)〉
+2a
[
〈ζn(x1)ζn(x2)〉〈ζn(x1)ζn(x3)ζn(x4)〉+ 〈ζn(x1)ζn(x3)〉〈ζn(x1)ζn(x2)ζn(x4)〉
+〈ζn(x1)ζn(x4)〉〈ζn(x1)ζn(x2)ζn(x3)〉+ 3 perm
]
+4a2
[
〈ζn(x1)ζn(x2)〉〈ζn(x1)ζn(x3)〉〈ζn(x2)ζn(x4)〉
+〈ζn(x1)ζn(x2)〉〈ζn(x1)ζn(x4)〉〈ζn(x2)ζn(x3)〉+ 5 perm
]
+6b
[
〈ζn(x1)ζn(x2)〉〈ζn(x1)ζn(x3)〉〈ζn(x1)ζn(x4)〉+ 3 perm
]
+O(P ζk )4, (6.84)
where “perm” means the other permutations of the preceding terms and O(P ζk )4
denotes terms that are suppressed by successive powers of the power spectrum.
Now, one can easily see that at leading order in slow roll the trispectrum for ζ
and ζn are equal, this is because the constants a and b are slow-roll suppressed.
These terms will only contribute to the next-to-leading order corrections.
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6.5.3 The next-to-leading order corrections for the trispec-
trum
In subsection 6.5.1, we showed that for standard kinetic term inflation the leading
order result, equation (6.75), vanishes and in fact in this case the leading order
of the trispectrum of ζn is of order ǫ
−2 (the next-to-leading order is the leading
order). To obtain these leading order contributions it is easier to perform the
calculation using the uniform curvature gauge action Eq. (6.55)-(6.58). Eq.
(6.55) vanishes exactly for standard kinetic term inflation. The action (6.56) is
exact in the slow-roll approximation but it is instructive to determine the slow-roll
order of the different terms. One can see that the leading order contribution comes
from terms of order O(ǫ0), as pointed out in [128]. If we take P (X, φ) = X−V (φ)
then the leading order (in slow roll) source of Eq. (6.59) will be of order O(ǫ0).
We therefore do not expect γ˜ij to be slow-roll suppressed and the actions (6.57),
(6.58) will contain unsuppressed terms of the same order as the leading order
term of the action (6.56). These tensor contributions were absent in the analysis
of [128] and we have shown that they are of the same order as the fourth order
action considered in [128], our Eq. (6.56). It is still an open question how these
new contributions will change the trispectrum result of Seery et al..
For the general Lagrangian case, the leading order trispectrum was given in
the previous subsection and in [129]. Contrary to the method of [129], our method
of obtaining the fourth order action (6.54) does not rely on any approximation
and therefore the action (6.54) is valid to all orders in slow roll and in the sound
speed expansion and it can be used to study the next-to-leading order corrections.
Depending on the momentum shape of these next-to-leading terms they might
become big enough to be observed in the next generation of experiments. A simi-
lar argument applies for the next-to-leading order corrections for the bispectrum,
as it was shown in [127]. For example, for DBI inflation, [129] showed that the
leading order non-Gaussianity parameters τNL scales like τNL ∼ 0.1/c4s (for a spe-
cific momentum configuration) and fNL ∼ 1/c2s. They argue that if cs ∼ 0.1 then
fNL is still inside the value range allowed by observations but τNL ∼ 103 could
be detected with the Planck satellite CMBR experiment. Therefore, assuming
that the slow-roll parameter ǫ is of order ǫ ∼ 0.01 (at horizon crossing) these
next-to-leading order corrections for the trispectrum could possible be observed
with the Planck satellite. A more careful and systematic study of the momentum
dependence of these new terms is required and it is left for future work.
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6.6 Conclusion
We have computed the fourth order action for scalar and second order tensor
perturbations in the comoving gauge. Our result is exact in the slow-roll (SR)
expansion but practically it is useful to study the SR suppression of the different
terms. We were able to show that after many integrations by parts the unsup-
pressed terms contained in the previous action can be reduced to total derivatives
terms plus corrections that are SR suppressed. The resulting action has the cor-
rect order in SR. It is suppressed by ǫ as it should be, because in pure de Sitter
space the curvature perturbation is a pure gauge mode. An important lesson from
our work is that in order to obtain the correct SR order for the action, the sec-
ond order tensor perturbations cannot be ignored as assumed in previous works
[128] and [131]. We found the explicit form of these tensor perturbations in the
comoving gauge by using the gauge transformations from the uniform curvature
gauge. Fortunately, for a general inflation model like (6.1), we showed that we do
not need to solve the equations of motion for the tensor perturbations if we are
interested in calculating the leading order trispectrum. However, to calculate the
next-to-leading order corrections to that result, or to calculate the leading order
trispectrum for standard kinetic term inflation, we do need to solve explicitly
the equations of motion for the tensor perturbations. This will be left for future
work.
Using the comoving gauge action we have calculated the leading order in SR
trispectrum of ζ . We compared our result with the result of [129], obtained using
the uniform curvature gauge, and we found an agreement.
For the uniform curvature gauge action, that is also exact in the SR expansion,
we identified the terms that will contribute to the next-to-leading order correc-
tions to the trispectrum. We pointed out that depending on the model and on the
momentum configuration, some of these corrections might be observable with the
Planck satellite. After taking particular limits, the previous action nicely reduces
to previously known results [128, 129] with the caveat that the above mentioned
works ignore tensor contributions.
Finally we have obtained the relations between the trispectrum of ζ and δφ
(on large scales) using the third order gauge transformations and compared the
result with the δN formalism.
To conclude, we have provided the necessary equations (fourth order action
and the relation between ζ and δφ) to calculate the trispectrum for a fairly
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general model of inflation that are also valid for models where SR is temporarily
interrupted, i.e., around a “step” in the inflaton’s Lagrangian [134]. In this case,
it is impossible to apply the δN approach and it is required to evaluate the n-
point functions numerically [132] (see [149] for a different approach). We leave
this more practical application of our results for future work.
Chapter 7
Non-Gaussianity from the
bispectrum in general multiple
field inflation
7.1 Introduction
In this chapter, we shall study the non-Gaussianity of the primordial curvature
perturbation produced by a phase of multiple field inflation. In particular, we
shall concentrate on the bispectrum or three point correlation function1.
The simplest single field inflation models predict that the non-Gaussianity of
the cosmic microwave background (CMB) fluctuations will be very difficult to be
detected even in future experiments such as Planck2. The detection of large non-
Gaussianity would mean that the simplest models of inflation are rejected. There
are observational hints [151, 152] of some deviation from perfect Gaussianity in
the WMAP3 data [153] but the WMAP5 data is consistent with Gaussianity
[107, 154].
There are a few models where the primordial fluctuations generated during
inflation have a large non-Gaussianity. In the single field case, if the inflaton
field has a non-trivial kinetic term, it is known that the non-Gaussianity can be
large. For example, in K-inflation models where the kinetic term of the inflaton
field is generic, the sound speed of the perturbations can be much smaller than
1This chapter in based on our work [150]. While we were writing up that work, similar
results appeared on the arXiv [117].
2http://www.rssd.esa.int/index.php?project=Planck
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1 [135, 136] which leads to large non-Gaussian fluctuations. Additionally, Dirac-
Born-Infeld (DBI) inflation, motivated by string theory, can also give large non-
Gaussian fluctuations [110, 111, 112, 113]. The inflaton is identified with the
position of a moving D3 brane whose dynamics is described by the DBI action.
Again, due to the non-trivial form of the kinetic term, the sound speed can
be smaller than 1 and the non-Gaussianity becomes large [127, 155]. In the
previous chapter, the third and fourth order actions for a single inflaton field
with a generic kinetic term have been calculated by properly taking into account
metric perturbations. Three and four point functions have also been obtained
[127, 129, 156]. For the detailed observational consequences of single-field DBI-
inflation see [157, 158, 159, 160, 161, 162, 163, 164].
Multi-field inflation models where the curvature perturbation is modified on
large scales due to the entropy perturbations have been also recently studied.
In the case of the standard kinetic term, it is not easy to generate large non-
Gaussianity from multi-field dynamics [165, 166, 167, 168, 169, 170] (see how-
ever Ref. [171] and the curvaton scenario e.g. [172, 173, 174]). In the DBI-
inflation case, the position of the brane in each compact direction is described
by a scalar field. Then DBI-inflation is naturally a multi-field model [114]. The
effect of the entropy perturbations in the inflationary models based on string the-
ory constructions in a slightly different context is also considered in [175, 176].
Recently, Huang et al. calculated the bispectrum of the perturbations in multi-
field DBI-inflation with the assumption that the kinetic term depends only on
X = −GIJ∂µφI∂µφJ/2 where φJ are the scalar fields (I = 1, 2, ...) and GIJ is
the metric in the field space, as occurs in K-inflation [115]. They found that in
addition to the usual bispectrum of adiabatic perturbations, there exists a new
contribution coming from the entropy perturbations. Then they showed that the
entropy field perturbations propagate with the speed of light and the contribu-
tion from the entropy perturbations is suppressed. This property can also be
confirmed by the analysis of a more general class of multi-field models where the
kinetic terms are given by arbitrary functions of X [118, 177]. However, Langlois
et al. pointed out that their assumption cannot be justified for the multi-field
DBI-inflation [116]. Even though the action depends only on X in the homo-
geneous background, there exist other kind of terms which contribute only to
inhomogeneous perturbations. They find that this dramatically changes the be-
haviour of the entropy perturbations. In fact, it was shown that the entropy
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perturbations propagate with the same sound speed as the adiabatic perturba-
tions. Ref. [116] also calculated the bispectrum by generalizing the work of Huang
et al. [129].
In this chapter, we study a fairly general class of multi-field inflation models
with a general kinetic term which includes K-inflation and DBI-inflation. We
study the sound speeds of the adiabatic perturbations and entropy perturbations
and clarify the difference between K-inflation and DBI-inflation. Then we calcu-
late the third order action by properly taking into account the effect of gravity.
We continue to obtain the three point functions at leading order in slow-roll and
in the small sound speed limit. We can recover the results for K-inflation and
DBI-inflation easily from this general result.
The structure of the chapter is as follows. In section 7.2, we describe our
model and derive equations in the background. In section 7.3, we study the
perturbations using the ADM formalism. Additionally, the second and third order
actions are derived by properly taking into account the metric perturbations.
Then we decompose the perturbations into adiabatic and entropy directions and
write down the action in terms of the decomposed fields. In section 7.4, we study
the sound speed in several models including K-inflation and DBI-inflation. It
is shown that in general, adiabatic and entropy sound speeds are different and
both can be smaller than 1. In section 7.5, the third order action at leading
order in slow-roll and in the small sound speed limit is obtained in terms of the
decomposed fields. Then the three point functions are derived for a generalized
model which includes K-inflation and DBI-inflation as particular cases. Section
7.6 is devoted to the conclusion.
7.2 The model
We consider a very general class of models described by the following action
S =
1
2
∫
d4x
√−g [M2P lR + 2P (XIJ , φI)] , (7.1)
where φI are the scalar fields (I = 1, 2, ..., N), MP l is the Planck mass that we
will set to unity hereafter, R is the Ricci scalar and
XIJ ≡ −1
2
gµν∂µφ
I∂νφ
J , (7.2)
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is the kinetic term, gµν is the metric tensor. We label the fields’ Lagrangian
by P and we assume that it is a well behaved function so that derivatives of P
with respect to XIJ can be defined. Greek indices run from 0 to 3. Lower case
Latin letters (i, j, ...) denote spatial indices. Upper case Latin letters denote field
indices. See section 6.2 for the single field case with non-standard kinetic term.
The Einstein field equations in this model are
Gµν = Pgµν + P,XIJ∂µφ
I∂νφ
J ≡ Tµν , (7.3)
where P,XIJ denotes the derivative of P with respect to X
IJ 3. The generalized
Klein-Gordon equation reads
gµν
(
P,XIJ∂νφ
I
)
;µ
+ P,J = 0, (7.4)
where ; denotes covariant derivative with respect to gµν and P,J denotes the
derivative of P with respect to φJ .
In the background, we are interested in flat, homogeneous and isotropic
Friedman-Robertson-Walker universes described by the line element
ds2 = −dt2 + a2(t)δijdxidxj, (7.5)
where a(t) is the scale factor. The Friedman equation and the continuity equation
read
3H2 = E0, (7.6)
E˙0 = −3H (E0 + P0) , (7.7)
where the Hubble rate is H = a˙/a, E0 is the total energy of the fields and it is
given by
E0 = 2X
IJ
0 P0,XIJ − P0, (7.8)
where a subscript zero denotes background quantities, XIJ0 = 1/2φ˙
I
0φ˙
J
0 . The
equations of motion for the scalar fields reduce to
P0,XIJ φ¨
I
0 +
(
3HP0,XIJ + P˙0,XIJ
)
φ˙I0 − P0,J = 0. (7.9)
3Strictly speaking, we adopt the symmetrized derivative, P,XIJ ≡ 12
(
∂P
∂XIJ
+ ∂P
∂XJI
)
.
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7.3 Perturbations
In this section, we will consider perturbations of the background (7.5) beyond
linear order. For this purpose, we will construct the action at second and third
order in the perturbations and it is convenient to use the ADM metric formalism
[118, 124, 125, 126, 127, 138, 177]. The ADM line element reads
ds2 = −N2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (7.10)
where N is the lapse function, N i is the shift vector and hij is the 3D metric.
The action (7.1) becomes
S =
1
2
∫
dtd3x
√
hN
(
(3)R + 2P (XIJ , φI)
)
+
1
2
∫
dtd3x
√
hN−1
(
EijE
ij − E2) .
(7.11)
The tensor Eij is defined as
Eij =
1
2
(
h˙ij −∇iNj −∇jNi
)
, (7.12)
and it is related to the extrinsic curvature by Kij = N
−1Eij . ∇i is the covariant
derivative with respect to hij . X
IJ can be written as
XIJ = −1
2
hij∂iφ
I∂jφ
J +
N−2
2
vIvJ , (7.13)
where vI is defined as
vI ≡ φ˙I −N j∇jφI . (7.14)
The Hamiltonian and momentum constraints are respectively
(3)R + 2P − 2N−2P,XIJvIvJ −N−2
(
EijE
ij − E2) = 0,
∇j
(
N−1Eji
)−∇i (N−1E) = N−1P,XIJvI∇iφJ .
(7.15)
We decompose the shift vector N i into scalar and intrinsic vector parts as
Ni = N˜i + ∂iψ, (7.16)
where ∂iN˜ i = 0, here and in the rest of the section indices are raised with δij .
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7.3.1 Perturbations in the uniform curvature gauge
In the uniform curvature gauge, the 3D metric takes the form
hij = a
2δij ,
φI(x, t) = φI0(t) +Q
I(x, t), (7.17)
where QI denotes the field perturbations. In the following, we will usually drop
the subscript “0” on φI0 and simply identify φ
I as the homogeneous background
fields unless otherwise stated.
We expand N and N i in powers of the perturbation QI
N = 1 + α1 + α2 + · · · , (7.18)
N˜i = N˜i
(1)
+ N˜i
(2)
+ · · · , (7.19)
ψ = ψ1 + ψ2 + · · · , (7.20)
where αn, N˜i
(n)
and ψn are of order (Q
I)n. At first order in QI , a particular
solution for equations (7.15) is:
α1 =
P,XIJ
2H
φ˙IQJ , N˜i
(1)
= 0,
∂2ψ1 =
a2
2H
[
− 6H2α1 + P,KQK − φ˙I φ˙JP,XIJKQK
+
(
P,XIJ + φ˙
Lφ˙MP,XLMXIJ
)(
φ˙I φ˙Jα1 − φ˙JQ˙I
)]
. (7.21)
The second order action is calculated as
S(2) =
∫
dtd3x
a3
2
[
XIJ1 X
LM
1 P,XIJXLM + P,XIJ Q˙
IQ˙J − a−2P,XIJ∂iQI∂iQJ
−3
2
φ˙J φ˙LP,XIJP,XLMQ
IQM +
φ˙JP,XIJQ
I
H
(
P,XLMX
LM
1 + P,KQ
K
)
+2P,XIJKQ
K
(
−φ˙I φ˙Jα1 + φ˙IQ˙J
)
+ P,KLQ
KQL
+P,XIJ
(
3φ˙I φ˙Jα21 − 4α1φ˙IQ˙J
)]
, (7.22)
where
XIJ1 ≡ −α1φ˙Iφ˙J + φ˙(IQ˙J) . (7.23)
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After integrating by parts in the action and employing the background field equa-
tions, the second order action can be finally written in the rather simple form
S(2) =
1
2
∫
dtd3xa3
[
(P,XIJ + P,XIKXJLφ˙
Kφ˙L)Q˙IQ˙J
− 1
a2
P,XIJ∂iQ
I∂iQJ −MIJQIQJ +NIJQJQ˙I
]
, (7.24)
with the effective squared mass matrix
MIJ = −P,IJ + X
LM
H
φ˙K(P,XJKP,IXLM + P,XIKP,JXLM )
− 1
H2
XMNXPQP,XMNXPQP,XIKP,XJLφ˙
Kφ˙L
− 1
a3
d
dt
[
a3
H
P,XIKP,XJLφ˙
Kφ˙L
]
, (7.25)
NIJ = 2
(
P,JXIK − X
MN
H
P,XIKXMNP,XJLφ˙
L
)
φ˙K . (7.26)
In the same way, the third order action is given by
S(3)=
∫
dtd3xa3
[ [
3H2α21 +
2H
a2
α1∂
2ψ1 +
1
2a4
(
∂2ψ1∂
2ψ1 − ∂i∂jψ1∂i∂jψ1
)]
α1
+
[
− 1
2
α31φ˙
Iφ˙J + α21φ˙
IQ˙J + a−2α1φ˙I∂iψ1∂iQJ − α1
2
Q˙IQ˙J
−a−2∂iQJ
(
Q˙I∂iψ1 +
1
2
α1∂
iQI
)]
P,XIJ +
[
α21φ˙
I φ˙J − 3
2
α1φ˙
IQ˙J
+
1
2
Q˙IQ˙J − a−2∂iQJ
(
φ˙I∂iψ1 +
1
2
∂iQI
)]
XLM1 P,XIJXLM
+
[
1
2
α21φ˙
Iφ˙J − α1φ˙IQ˙J + 1
2
Q˙IQ˙J − a−2∂iQJ
(
φ˙I∂iψ1 +
1
2
∂iQI
)]
P,XIJKQ
K
+
α1
2
P,IJQ
IQJ +
1
6
XIJ1 X
LM
1 X
QR
1 P,XIJXLMXQR +
1
2
XIJ1 X
LM
1 P,XIJXLMKQ
K
+
1
2
XIJ1 P,XIJLMQ
LQM +
1
6
P,IJKQ
IQJQK
]
. (7.27)
7.3.2 Decomposition into adiabatic and entropy pertur-
bations
We can decompose the perturbations into the instantaneous adiabatic and entropy
perturbations, where the adiabatic direction corresponds to the direction of the
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background fields’ evolution while the entropy directions are orthogonal to this
[178]. For this purpose, following [118], we introduce an orthogonal basis eIn(n =
1, 2, ..., N) in the field space. The orthonormal condition is defined as
P,XIJe
I
ne
J
m = δnm , (7.28)
so that the gradient term P,XIJ∂iQ
I∂iQJ is diagonalized4. Here we assumed that
P,XIJ is invertible and it can be used as a metric in field space. The adiabatic
vector is
eI1 =
φ˙I√
P,XJK φ˙J φ˙K
, (7.29)
which satisfies the normalization given by Eq. (7.28). The field perturbations are
decomposed on this basis as
QI = Qne
I
n . (7.30)
We defined the matrix Zmn which describes the time variation of the basis as
e˙In = e
I
mZmn , (7.31)
which satisfies Zmn = −Znm − P˙,XIJeImeJn as a consequence of (P,XIJeIneJm)˙= 0.
In terms of the decomposed fields, the second order action (7.24) can be
rewritten as
S(2) =
1
2
∫
dtd3xa3
[Kmn(DtQm)(DtQn)− 1
a2
δmn∂iQm∂
iQn
−MmnQmQn +NmnQn(DtQm)
]
, (7.32)
where
DtQm ≡ Q˙m + ZmnQn , (7.33)
Kmn ≡ δmn + (P,XMN φ˙M φ˙N)P,XIKXJLeI1eKn eJ1 eLm , (7.34)
Mmn ≡ MIJeImeJn , (7.35)
Nmn ≡ NIJeImeJn. (7.36)
4It is worth noting that the normalization given in [116, 117, 118] is GIJe
I
ne
J
m = δnm, unless
P,XIJ = GIJ , that is, the case with the canonical kinetic terms, our results written in terms of
Qn are different from the results of [116, 117, 118]. But it can be shown that when written in
terms of vn which are the canonical variables for the quantum theory, our results are consistent
with the results of [116, 117, 118].
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From the constructions, Kmn,Mmn andNmn are symmetric with respect tom and
n. The explicit form of the effective squared mass matrix in this representation
is
Mmn = −P,mn + 1
H
(P,XKLφ˙
K φ˙L)3/2(P,mXMN e
M
1 e
N
1 )δn1
− 1
4H2
(P,XKL φ˙
Kφ˙L)3(P,XMNXPQe
M
1 e
N
1 e
P
1 e
Q
1 )δm1δn1
− 1
a3
d
dt
[
a3
H
(P,XMN φ˙
M φ˙N)P,XIKP,XJLe
K
1 e
L
1
]
eIme
J
n , (7.37)
Nmn ≡ − 1
H
(P,XPQφ˙
P φ˙Q)2(P,XKLXMN e
K
me
L
1 e
M
1 e
N
1 )δn1
+2
√
P,XLM φ˙Lφ˙M(P,nXIKe
I
me
K
1 ) , (7.38)
where P,mn ≡ P,IJeImeJn and P,nXIK ≡ P,JXIKeJn.
The equation of motion is obtained as
1
a3
d
dt
[
a3(2KmrDtQm +NmrQm)
]− (2KmnZnr +Nmr)DtQm
− (2Mmr +NmnZmr)Qm + 2
a2
∂2Qr = 0 . (7.39)
7.4 Linear perturbations
In this section, we study the linear order perturbations using the second order
action derived in the previous section.
7.4.1 K-inflation
Let us consider K-inflation models where P (XIJ , φI) is a function of only the
trace X = XIJGIJ(φ
K) of the kinetic terms where GIJ(φ
K) is a metric in the
field space:
P (XIJ , φI) = P˜ (X, φI). (7.40)
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The derivatives of P can be evaluated as
P,XIJ = GIJ P˜,X , (7.41)
P,I =
1
2
GJK,Iφ˙
J φ˙K P˜,X + P˜,I , (7.42)
P,XIJXKL = GIJGKLP˜,XX , (7.43)
P,XIJK =
1
2
GLM,Kφ˙
Lφ˙MGIJ P˜,XX +GIJ,KP˜,X +GIJ P˜,XK , (7.44)
P,IJ =
1
4
GKL,IGMN,J φ˙
Kφ˙Lφ˙M φ˙N P˜,XX +
1
2
GKL,IJφ˙
K φ˙LP˜,X
+
1
2
φ˙M φ˙N(GMN,J P˜,XI +GMN,IP˜,XJ) + P˜,IJ , (7.45)
and the sound speed is defined as
c2s ≡
P˜,X
P˜,X + 2XP˜,XX
. (7.46)
In terms of the decomposed field, the second order action can be written as
[118]
S(2) =
1
2
∫
dtd3xa3
[{
δmn +
(
1
c2s
− 1
)
δ1mδ1n
}
(DtQm)(DtQn)
− 1
a2
δmn∂iQm∂
iQn −MmnQmQn +NmnQn(DtQm)
]
, (7.47)
where we do not show the explicit forms of Mmn and Nmn.
The fact that the sound speeds for the entropy perturbations are unity has
been recognized in Ref. [118]. This is because the non-trivial second derivative of
P only affects the adiabatic perturbations.
7.4.2 DBI-inflation
An interesting class of models is the DBI-inflation which describes the motion of
a D3 brane in a higher dimensional spacetime. The DBI action is given by [179]
S = −
∫
d4x
1
f(φK)
√
−det[gµν + f(φK)GIJ(φK)∂µφI∂νφJ ], (7.48)
where det denotes a determinant, GIJ is a metric in field space and φI corresponds
to positions of a brane in higher dimensional spacetime. Recently it was pointed
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out by Ref. [116] that multi-field DBI-inflation is not included in multi-field K-
inflation discussed in the previous subsection. Indeed, P (XIJ) is not a function
of X , but it is given by
P (XIJ , φI) = P˜ (X˜, φI), X˜ =
(1−D)
2f
, (7.49)
where
D = det(δIJ − 2fXIJ)
= 1− 2fGIJXIJ + 4f 2X [II XJ ]J − 8f 3X [II XJJXK]K + 16f 4X [II XJJXKKXL]L .
(7.50)
where [ ] denotes the anti-symmetric bracket and we used GIJ to raise the indices.
In the background, X˜ = X . However, this does not mean that the full action is
a function of X only. The DBI action takes a specific form of P˜
P˜ (X˜, φI) = −1
f
(√
1− 2fX˜ − 1
)
− V (φI), (7.51)
where we allow for a potential V (φI). The sound speed is defined as
c2s ≡
P˜,X˜
P˜,X˜ + 2XP˜,X˜X˜
. (7.52)
The derivatives of P evaluated on the background can be calculated as
P,XIJ = P˜,X˜
(
dX˜
dXIJ
)
, (7.53)
P,XIJXKL = P˜,X˜X˜
(
dX˜
dXIJ
)(
dX˜
dXKL
)
+ P˜,X˜
(
d2X˜
dXIJdXKL
)
, (7.54)
where
dX˜
dXIJ
= c2sGIJ + 2fXIJ , (7.55)
d2X˜
dXIJdXKL
=−2f
(
GIJGKL − 1
2
GIKGJL − 1
2
GILGJK
)
+O(XIJ) . (7.56)
Here we do not explicitly write down the higher order terms in XIJ in the second
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derivative as they will not contribute to the final result. In the following, we will
omit these terms. We can also show that
P,I =
1
2
GJK,Iφ˙
J φ˙K P˜,X˜ + P˜,I , (7.57)
P,IJ =
1
4
GKL,IGMN,J φ˙
K φ˙Lφ˙M φ˙N P˜,X˜X˜ +
1
2
GKL,IJ φ˙
Kφ˙LP˜,X˜
+
1
2
φ˙M φ˙N(GMN,J P˜,X˜I +GMN,I P˜,X˜J) + P˜,IJ , (7.58)
P,XIJK =
(
(1− 2fX)GIJ,K − 2f,KXGIJ − 2fGLM,KXLMGIJ
2f,KXIJ + 2fGIL,KX
L
J + 2fGJM,KX
M
I
)
P˜,X˜
+(c2sGIJ + 2fXIJ)
(
1
2
GLM,Kφ˙
Lφ˙M P˜,X˜X˜ + P˜,X˜K
)
. (7.59)
It is worth noting that even though P,XIJK seems to be a bit complicated, we can
show that
P,XIJK φ˙
J =
1
2
GLM,Kφ˙
Lφ˙M φ˙IP˜,X˜X˜ + φ˙IP˜,X˜K +GIJ,Kφ˙
J P˜,X˜ , (7.60)
which is just the same form as K-inflation case. We can also show that
P,XIJ φ˙
I φ˙J = 2XP˜,X˜ . (7.61)
The orthonormality conditions for the basis give
eInemI =
1
P˜,X˜c
2
s
δmn − 1
P˜,X˜
1− c2s
c2s
δm1δn1 . (7.62)
Using these results, the second order action can be written in terms of the de-
composed perturbations as
S(2) =
1
2
∫
dtd3xa3
[
1
c2s
δmn(DtQm)(DtQn)− 1
a2
δmn∂iQm∂
iQn
−MmnQmQn +NmnQn(DtQm)
]
. (7.63)
Unlike K-inflation models, all field perturbations have the same sound speeds
as was pointed out by Ref. [116]. In order to understand the difference between
K-inflation and DBI-inflation, we will consider a generalized model where both
cases are included.
CHAPTER 7. THE BISPECTRUM IN MULTIPLE FIELD INFLATION 134
7.4.3 Generalized case
Let us consider models described by
P (XIJ , φI) = P˜ (Y, φI) , (7.64)
where
Y = GIJ(φ
K)XIJ +
b(φK)
2
(X2 −XJI XIJ) . (7.65)
The functional form of Y is chosen so that Y = X ≡ GIJXIJ in the background
as in the DBI-inflation model. This model includes as particular cases K-inflation
model for b = 0 and the DBI-inflation for b = −2f and if P˜ has the DBI form.
This might be surprising as the DBI action contains additional terms of order f 2
and f 3 in X˜ (see equations (7.49) and (7.50)), but it turns out that these terms
do not contribute to the second order action and the leading order third order
action.
Following a similar procedure to the previous subsection, the second order
action can be written in terms of the decomposed perturbations as
S(2) =
1
2
∫
dtd3xa3
[{
δmn +
2XP˜,Y Y
P˜,Y
δ1mδ1n +
bX
1 + bX
(δn1δm1 − δmn)
}
×(DtQm)(DtQn)− 1
a2
δmn∂iQm∂
iQn −MmnQmQn +NmnQn(DtQm)
]
,
(7.66)
Now we are in a position to explain the difference between K-inflation and
DBI-inflation. As in K-inflation case, the non-trivial second derivative of P affects
only the adiabatic perturbations. On the other hand, the non-linear terms of XIJ
in Y only affects the entropy perturbations. This can be seen from the fact that
the sound speed for adiabatic perturbations c2ad and for entropy perturbations c
2
en
are given by
c2ad ≡
P˜,Y
P˜,Y + 2XP˜,Y Y
, c2en ≡ 1 + bX , (7.67)
and they are independently determined by P˜,Y Y and d
2Y/(dXIJdXKL) respec-
tively. Thus in general they are different. Let us derive the condition under which
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the two sound speeds are the same, i.e., c2ad = c
2
en. This condition is given by
2X
P˜,Y Y
P˜,Y
= − bX
1 + bX
. (7.68)
Then we find that the DBI action is a solution of this equation where b = −2f 5,
although we should note that it has not been proved that multi-field DBI inflation
is the only case where the sound speeds are the same.
7.5 The leading order in slow-roll three point
function
In this section, we will calculate the leading order in slow-roll third order action
for the generalized model of the previous subsection and then we shall calculate
the leading order three point function for both adiabatic and entropy directions.
Finally we will obtain the three point function of the comoving curvature pertur-
bation.
7.5.1 Approximations: slow-roll
In order to control the calculations and to obtain analytical results we need to
make use of some approximations. We will use the slow-roll approximation, where
we define a set of parameters and assume that these parameters are always small
until the end of inflation. We define the slow-roll parameters as
ǫ ≡ − H˙
H2
=
XP˜,Y
H2
, η ≡ ǫ˙
ǫH
, (7.69)
χad ≡ c˙ad
cadH
, χen ≡ c˙en
cenH
. (7.70)
It is important to note that these slow-roll parameters are more general than the
usual slow-roll parameters and that their smallness does not necessarily imply
that the fields are rolling slowly. Assuming that the parameters χad and χen are
5We thank Gianmassimo Tasinato for a discussion on this point. While we were writing up
this work, there appeared a paper in the arXiv [117]. It is argued that the speciality of the DBI
action comes from the fact that it describes the fluctuations of the positions of the brane in the
higher-dimensional spacetime and they propagate at the speed of light. From the point of view
of observers on the brane, the sound speeds are smaller than 1 due to the Lorentz factor 1/c2s.
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small implies that the rates of change of the adiabatic and entropy sound speeds
are small, but the sound speeds themselves can have any value and we assume
that they are between zero and one.
It is convenient to define a parameter that describes the non-linear dependence
of the Lagrangian on the kinetic term as
λ ≡ 2
3
X3P˜,Y Y Y +X
2P˜,Y Y . (7.71)
We will also assume that the rate of change of this new parameter is small, as
given by
l ≡ λ˙
λH
. (7.72)
At the end of this section, we will show that the size of the leading order three
point function of the fields is fully determined by five parameters evaluated at
horizon crossing: ǫ, λ, H and both sound speeds.
It turns out that the equations of motion for both adiabatic and entropy per-
turbations at first order form a coupled system of second order linear differential
equations, see appendix E for details. In general, the coupling (denoted by ξ in
equation (E.10)) between adiabatic and entropy modes cannot be neglected but
in this work we will study the simpler decoupled case, where we assume that ξ
is small when the scales of interest cross outside the sound horizons, i.e., we will
assume that ξ ∼ O(ǫ). With these approximations the adiabatic and entropy
modes are decoupled and the system of equations of motion can be solved ana-
lytically. For simplicity, we will also assume that the mass term present in the
entropy equation of motion is small, i.e., µ2s/H
2 ≪ 1 (refer to appendix E for
more details). When calculating the leading order three point functions, we as-
sume that the quantities related to the time derivatives of the basis vectors given
by Zmn are also slow-roll suppressed. Finally, the calculation of the three point
functions in the next subsections is valid in the limit of small sound speeds. Our
results will also include sub-leading terms of O(1) but these terms will in general
(for small sound speeds) receive corrections coming from terms of the order of
ǫ/c2s, that we have neglected.
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7.5.2 Third order action at leading order
At leading order in the previous approximations, we can neglect terms containing
α1, ψ1 and derivatives of P with respect to the fields. Then the third order action
for the general model (7.1) is calculated as
S(3) =
1
2
∫
dx3dta3
[
P,XIKXJLφ˙
(IQ˙K)Q˙JQ˙L − 1
a2
P,XIKXJLφ˙
(IQ˙K)∂iQ
J∂iQL
+
1
3
P,XIKXJLXMN φ˙
(IQ˙K)φ˙(JQ˙L)φ˙(M Q˙N)
]
. (7.73)
After decomposition into the new adiabatic/entropy basis the third order action
can be written as
S(3) =
∫
dx3dta3
[
1
2
ΞnmlQ˙nQ˙mQ˙l − 1
2a2
ΥnmlQ˙n(∂iQm)(∂
iQl)
]
, (7.74)
where we define the coefficients Ξnml and Υnml as
Ξnml = P,XIKXJL
√
P,XMN φ˙M φ˙Ne
(I
1 e
K)
(n e
J
me
L
l)
+
1
3
P,XIKXJLXMN (P,XPQφ˙
P φ˙Q)3/2e
(I
1 e
K)
n e
(J
1 e
L)
m e
(M
1 e
N)
l , (7.75)
Υnml = P,XIKXJL
√
P,XMN φ˙M φ˙Ne
(I
1 e
K)
n e
J
me
L
l . (7.76)
We shall now give some useful formulae of the previous quantities for the different
inflationary models considered in this work.
K-inflation
For K-inflation model we have
Ξnml = (2XP˜,X)
− 1
2
(
2XP˜,XX
P˜,X
δ1(nδml) +
4
3
X2P˜,XXX
P˜,X
δn1δm1δl1
)
, (7.77)
Υnml = (2XP˜,X)
− 1
2
2XP˜,XX
P˜,X
δn1δml . (7.78)
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DBI-inflation
For the DBI-inflation scenario they are given by
Ξnml = (2XP˜,X˜)
− 1
2
1− c2s
c4s
δ1(nδml) , (7.79)
Υnml = (2XP˜,X˜)
− 1
2
(
1− c2s
c2s
δn1δml − 21− c
2
s
c2s
(
δn1δml − δn(mδl)1
))
,(7.80)
where c2s should be understood as the sound speed defined in Eq. (7.52).
Generalized case
For the generalized case of subsection 7.4.3, Ξnml and Υnml can be written as
Ξnml = (2XP˜,Y )
− 1
2
[(
4
3
X2P˜,Y Y Y
P˜,Y
− (1− c
2
ad)(1− c2en)
c2adc
2
en
)
δn1δm1δl1
+
(1− c2ad)
c2adc
2
en
δ1(nδml)
]
, (7.81)
Υnml = (2XP˜,Y )
− 1
2
(
1− c2ad
c2ad
δn1δml − 2(1− c
2
en)
c2en
(
δn1δml − δn(mδl)1
))
,(7.82)
and it is obvious that the DBI-inflation is a specific case of the general model
with c2ad = c
2
en = c
2
s.
7.5.3 The three point functions of the fields
In this subsection, we derive the three point functions of the adiabatic and entropy
fields in the generalized case and at leading order in slow-roll and in the small
sound speeds limit. We consider the two-field case with the adiabatic field σ and
the entropy field s.
The perturbations are promoted to quantum operators as
Qn(τ,x) =
1
(2π)3
∫
d3kQn(τ,k)e
ik·x, (7.83)
where
Qn(τ,k) = un(τ,k)an(k) + u
∗
n(τ,−k)a†n(−k). (7.84)
an(k) and a
†
n(−k) are the annihilation and creation operator respectively, that
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satisfy the usual commutation relations
[
an(k1), a
†
m(k2)
]
= (2π)3δ(3)(k1 − k2)δnm,
[an(k1), am(k2)] =
[
a†n(k1), a
†
m(k2)
]
= 0. (7.85)
At leading order the solution for the mode functions is (see appendix E for details)
un(τ,k) = An
1
k3/2
(1 + ikcnτ) e
−ikcnτ , (7.86)
where cn stands for either the adiabatic or the entropy sound speeds.
The two point correlation function is
〈0|Qn(τ = 0,k1)Qm(τ = 0,k2)|0〉 = (2π)3δ(3)(k1 + k2)PQn
2π2
k31
δnm, (7.87)
where the power spectrum is defined as
PQn =
|An|2
2π2
, |Aσ|2 = H
2
2cad
, |As|2 = H
2
2cen
, (7.88)
and it should be evaluated at the time of horizon crossing cn∗k1 = a∗H∗
The vacuum expectation value of the three point operator in the interaction
picture (at first order) is [124, 141]
〈Ω|Ql(t,k1)Qm(t,k2)Qn(t,k3)|Ω〉
= −i
∫ t
t0
dt˜〈0| [Ql(t,k1)Qm(t,k2)Qn(t,k3), HI(t˜)] |0〉, (7.89)
where t0 is some early time during inflation when the field’s vacuum fluctuation
are deep inside the horizons, t is some time after horizon exit. |Ω〉 is the inter-
acting vacuum which is different from the free theory vacuum |0〉. If one uses
conformal time, it is a good approximation to perform the integration from −∞
to 0 because τ ≈ −(aH)−1. HI denotes the interaction Hamiltonian and it is
given by HI = −L3, where L3 is the Lagrangian obtained from the action (7.74).
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At this order, the only non-zero three point functions are
〈Ω|Qσ(0,k1)Qσ(0,k2)Qσ(0,k3)|Ω〉 = (2π)3δ(3)(k1 + k2 + k3)2cad|Aσ|
6
H
1
Π3i=1k
3
i
1
K
×
[
6c2ad(C3 + C4)
k21k
2
2k
2
3
K2
− C1k21k2 · k3
(
1 +
k2 + k3
K
+ 2
k2k3
K2
)
+ 2 cyclic terms
]
,
(7.90)
〈Ω|Qσ(0,k1)Qs(0,k2)Qs(0,k3)|Ω〉 = (2π)3δ(3)(k1 + k2 + k3) |Aσ|
2|As|4
H
1
Π3i=1k
3
i
1
K˜
×
[
C2c
2
enk
2
3k1 · k2
(
1 +
cadk1 + cenk2
K˜
+
2cadcenk1k2
K˜2
)
+ (k2 ↔ k3)
+4C3c
2
adc
4
en
k21k
2
2k
2
3
K˜2
− 2(C1 + C2)c2adk21k2 · k3
(
1 + cen
k2 + k3
K˜
+ 2c2en
k2k3
K˜2
)]
,
(7.91)
where K = k1 + k2 + k3, K˜ = cadk1 + cen(k2 + k3), cyclic terms means cyclic
permutations of the three wave vectors and (k2 ↔ k3) denotes a term like the
preceding one but with k2 and k3 interchanged. The pure adiabatic three point
function is evaluated at the moment τ∗ at which the total wave numberK exits the
horizon, i.e., when Kcad∗ = a∗H∗. Because of the different propagation speeds,
the adiabatic and entropy modes become classical at different times, however at
leading order we assume that the background dependent coefficients of (7.91) do
not vary with time and so they can also be evaluated at the moment τ∗.
The different constants CN are given by
C1 = (2H
2ǫ)−
1
2
1− c2ad
c2ad
, C2 = −2(2H2ǫ)− 12 1− c
2
en
c2en
,
C3 = (2H
2ǫ)−
1
2
1− c2ad
c2adc
2
en
, C4 = (2H
2ǫ)−
1
2
(
2λ
H2ǫ
− 1− c
2
ad
c2adc
2
en
)
. (7.92)
7.5.4 The three point function of the comoving curvature
perturbation
In this subsection, we calculate the leading order in slow-roll three point function
of the comoving curvature perturbation in terms of three point function of the
fields obtained in the previous subsection.
CHAPTER 7. THE BISPECTRUM IN MULTIPLE FIELD INFLATION 141
During the inflationary era the comoving curvature perturbation is defined as
R = − H
E0 + P0
δq (7.93)
in the uniform curvature gauge where δq,i = δT
0
i . Using the constraint equation
δq = −2Hα1 (7.21) and Eq. (7.7), we get
R = H
σ˙
Qσ√
P˜,Y
. (7.94)
It is convenient to define the entropy perturbation S as
S = H
σ˙
Qs√
P˜,Y
√
cen
cad
, (7.95)
so that PS∗ ≃ PR∗ , where the subscript ∗ means that the quantity should be
evaluated at horizon crossing.
In this work we will ignore the possibility that the entropy perturbations
during inflation can lead to primordial entropy perturbations that could be ob-
servable in the CMB. But we shall consider the effect of entropy perturbations
on the final curvature perturbation. We will follow the analysis of Wands et al.
[180] (see also [178, 181]), where it has been shown that even on large scales the
curvature perturbation can change in time because of the presence of entropy
perturbations. The way the entropy perturbations are converted to curvature
perturbations is model dependent but it was shown that this model dependence
can be parameterized by a transfer coefficient TRS [180] as
R = R∗ + TRSS∗ = AσQσ∗ +AsQs∗, (7.96)
with
Aσ =

 H
σ˙
√
P˜,Y


∗
, As = TRS

 H
σ˙
√
P˜,Y
√
cen
cad


∗
. (7.97)
Using the previous expressions we can now relate the three point function of
the curvature perturbation to the three point functions of the fields obtained in
the previous subsection. The three point function of the curvature perturbation
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is given by
〈R(k1)R(k2)R(k3)〉 = A3σ〈Qσ(k1)Qσ(k2)Qσ(k3)〉
+AσA2s (〈Qσ(k1)Qs(k2)Qs(k3)〉+ 2 perms) . (7.98)
For the DBI-inflation case the previous equation can be simplified and the
total momentum dependence of the three point function of the comoving curva-
ture perturbation is the same as in single field DBI [116]. For our general model
this is no longer the case, i.e., the different terms of the previous equation have
different momentum dependence. Once again one can see that DBI-inflation is a
very particular case and more importantly it provides a distinct signature that
enables us to distinguish it from other more general models.
7.6 Conclusion
In this chapter, we studied the non-Gaussianity from the bispectrum in gen-
eral multi-field inflation models with a generic kinetic term. Our model is fairly
general including K-inflation and DBI-inflation as special cases. We derived the
second and third order actions for the perturbations including the effect of gravity.
The second order action is written in terms of adiabatic and entropy perturba-
tions. It was shown that the sound speeds for these perturbations are in general
different. In K-inflation the entropy perturbations propagate at the speed of
light. DBI-inflation is a special case where the sound speeds for the entropy and
adiabatic perturbations are the same.
Then we derive the three point function in the small sound speed limit at
leading order in slow-roll expansion. In these approximations there exists a three
point function between adiabatic perturbations Qσ and entropy perturbations
Qs, 〈Qσ(k1)Qs(k2)Qs(k3)〉, in addition to the pure adiabatic three point func-
tion. This mixed contribution has a different momentum dependence if the sound
speeds for the entropy and adiabatic perturbations are different. This provides
a possibility to distinguish between multi-field models and single field models.
Unfortunately, in multi-field DBI case, the sound speeds for the entropy and adi-
abatic perturbations are the same, and the mixed contribution only changes the
amplitude of the three point function. This could help to ease the constraints on
DBI-inflation as is discussed in Ref. [116].
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In order to calculate the effect of entropy perturbations on the curvature
perturbation at recombination, we need to specify a model that describes how the
entropy perturbations are converted to the curvature perturbations. In addition,
even during inflation, if the trajectory in field space changes non-trivially, the
entropy perturbations can be converted to the curvature perturbation. In this
work, we modelled this transition by the function TRS . It would be interesting
to study this mixing in specific string theory motivated models.
Chapter 8
Conclusions and Discussions
Brane-worlds in higher-dimensional spacetimes have been proposed to explain
long standing and crucial problems in physics, such as the hierarchy problem or
the cosmological constant problem. Although it was shown that some of these is-
sues were not (yet) completely solved by the brane-world proposals, these higher-
dimensional models provide a way to tackle these difficult problems from a new
perspective, which might suggest new solutions.
To tackle these unsolved questions, brane-world models always introduce new
physics in the higher-dimensional theory. These new ingredients will always in one
way or another give new contributions to the 4D effective theories. In most cases,
these new 4D effective degrees of freedom will have observational consequences
on our universe.
In this thesis, we gave a step towards calculating the 4D observational pre-
dictions implied by several higher-dimensional theories. These predictions are
confronted to observations of our universe, for example, the cosmic microwave
background and table top experiments on Newton’s law at short distances. It
is extremely encouraging that we are getting strong observational constraints on
these higher-dimensional models which aim to provide self-consistent microphys-
ical descriptions of the early and late time universe.
The main goal of this thesis was the study of the 4D effective theories of
several higher-dimensional proposals and their observational consequences. In
order to achieve it we used a powerful technique called the gradient expansion
method.
For example, in chapter 2 we applied this method to the 5D dilatonic two
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brane model that reduces to the Randall and Sundrum model and to the Horˇava-
Witten theory for particular choices of our parameters. We were able to show that
exact solutions of the 5D theory, that describe an instability of the model, can be
reproduced within the 4D effective theory obtained with the gradient expansion
method. We have looked at this instability from a 4D effective theory perspective
and we have shown that it arises because in the Einstein frame the theory consists
of two massless scalar fields, the dilaton and the radion (a degree of freedom that
describes the distance between the branes). We have argued against some claims
that the 4D effective theory allows a wider class of solutions than the 5D theory
and we have provided a way to obtain the full 5D solutions from the solutions of
the 4D theory.
In chapter 3, we derived the low energy effective theory in 6D supergravity
with resolved co-dimension one branes. We showed that the 4D effective theory
is a Brans-Dicke theory with the Brans-Dicke parameter equal to one half. We
have calculated the 4D effective potential for the Brans-Dicke field. Then it was
easy to see that one can tune the potentials on the branes so that this modulus
is massless and the static 4D spacetime has a vanishing cosmological constant.
We have obtained dynamical solutions due to the evolution of the modulus field
and we showed that these solutions can be identified with exact 6D solutions. If
we do not tune the potentials then, in the Einstein frame, the Brans-Dicke field
has an exponential potential and static solutions are not allowed. Once more
we found that these solutions can be lifted back to 6D exact solutions, showing
that the gradient expansion method is a powerful method. Because the Brans-
Dicke parameter is one half, this theory is immediately ruled out by solar system
constraints on this parameter. However, we showed that a 4D potential with a
minimum can be engineered and 4D realistic cosmology can be obtained. The
drawback is that once the modulus is stabilized, the brane cosmological constant
will curve the 4D spacetime in the same way as in general relativity and the
self-tuning mechanism will not work. There are still some hopes that this model
will provide a quantum solution for the cosmological constant problem, see [62],
but that discussion is outside the scope of this work.
The final higher-dimensional theory that we studied in this thesis was the
10D type IIB supergravity. In chapter 4, we presented a systematic way to de-
rive the 4D effective theory in a warped compactification including fluxes and
branes. We have obtained the 4D effective potential for the volume modulus
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but this potential does not stabilize the volume. If one wants to have a viable
model, the volume modulus has to be stabilized. This is usually done by in-
troducing non-perturbative effects [100] in the 4D effective theory. It would be
desirable to obtain the 4D effective theory from the 10D theory including 10D
non-perturbative effects. This is an area of intense research at the moment and
it is still an open question. This problem is related to the question of whether
there are explicit working models of slow-roll warped D-brane inflation or not.
As discussed in the main text, the position of a mobile D3 brane in these com-
pactifications can be identified with the inflaton. At first sight, the potential
generated in the compactification seems to be flat enough to produce long lasting
slow-roll inflation. However, it was argued in [95] that volume stabilization by
non-perturbative effects introduces potentially fatal corrections to the inflaton’s
potential that will halt inflation.
Only recently some of these corrections have been calculated [101, 182, 183,
184]. It turns out that in the explicit calculated examples [182, 184] these cor-
rections do not cancel and the inflaton’s potential is always too steep to sustain
inflation. There is an explicit model [183] where slow-roll inflation can occur but
the model has to be very fine tuned. The problem of constructing a fully explicit
model of brane inflation in string theory still remains challenging due to the lack
of understanding of all of the corrections to the 4D effective potential [183]. It is
our hope that the gradient expansion method will help because it can be extended
by including moduli stabilization effects as an effective 10D energy-momentum
tensor and it can also allow for a moving D3-brane coupled to gravity. Then
one can calculate the potential for the D3-brane in a stabilized compactification
including the backreaction of the brane.
To study observational consequences of brane inflation, in chapters 6 and 7,
we took a more phenomenological approach. We started with the 4D effective de-
scription of the movement of a D-brane given by the DBI action and we computed
several observational predictions for our inflationary theory.
In chapter 6, we computed the leading order in slow-roll trispectrum for a
general single field model of inflation that contains the DBI-inflation model as
a particular case. To achieve this, we had to develop third order perturbation
theory to obtain the fourth order interaction Hamiltonian including scalar and
second order tensor perturbations. We pointed out that in general second order
tensor perturbations cannot be ignored in the calculation. This fact will have
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important implications for existing results of the trispectrum for standard kinetic
term inflation [128, 131]. Because our interaction Hamiltonians are exact in
the slow-roll expansion, one can also in principle study the next order slow-roll
corrections. This is left for future work.
As discussed in chapter 6, for single field DBI-inflation, the size of the bispec-
trum (fNL) is of order of 1/c
2
s and the size of the trispectrum (τNL) is of order
of 1/c4s. So if the sound speed is cs ∼ 0.1 then fNL of order of one hundred is
still allowed by observations and τNL will be in the detection range of the Planck
satellite. With the present observational constraints (and with the expected im-
provements in the near future) we are already significantly constraining models of
inflation constructed from higher-dimensional theories, such as DBI-inflation. Re-
cently, several works [159, 161, 162, 185] showed that single field ultraviolet DBI-
inflation is under severe pressure from observations. Reference [161] in particular
showed that there exists a microphysical upper bound on the tensor to scalar
ratio (r . 10−7) that is incompatible with a lower bound (r > 0.1(1 − ns)) that
applies to models that generate a red spectral index (as favored by observations)
and a large detectable non-Gaussianity. The infrared model of DBI-inflation is
not excluded by observations [186].
DBI-inflation is naturally a multiple field inflationary model. So in chapter 7,
we studied the non-Gaussianity in general multi-field inflation models that have
DBI brane inflation as a particular example. Specifically, we derived the three
point function of the curvature perturbation for a generalized model in the small
sound speed limit at leading order in slow-roll. At this order, we showed that in
addition to the pure three point function of adiabatic perturbations there exists
a mixed three point function of adiabatic and entropy perturbations. This mixed
contribution has a different momentum dependence if the sound speeds for the
entropy and adiabatic perturbations are different. In multi-field DBI inflation,
because the sound speeds are equal, this mixed contribution only changes the
amplitude of the final three point function, and the momentum dependence is
the same as in the DBI single field case. It has been shown [116] that this
mixed term will in fact reduce the size of the bispectrum and this could help
to ease the observational constraints on the ultraviolet model of DBI-inflation.
To find out how big this reduction is, one has to know the details of how the
entropy perturbations are converted to the curvature perturbations. This point
was not answered in this thesis and will be left for future projects. An important
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outcome of chapter 7 is the fact that we now have a theoretical prediction for the
bispectrum for quite general models of multi-field inflation, such as multi-field
DBI-inflation and K-inflation.
We shall conclude by saying that the future looks promising because we have
been able to calculate more and more observable predictions from our fundamen-
tal theories and observations are becoming better and more diversified. From
the meeting of these two we are seeing that some models are being ruled out,
some still prevail. More importantly, we are progressing in our knowledge of the
universe.
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Appendix A
O(ε1/2) quantities
In this appendix, we analyze the equations of motion present in chapter 3 that
are of order ε1/2 in the gradient expansion. We will show that all the O(ε1/2)
quantities vanish.
The µ component of the O(ε1/2) Maxwell equations reads
∂y
(
e−φ
(0)
a4
(1/2)
F yµ
)
= 0, (A.1)
and thus we have
(1/2)
F µy=M2
Cµ1 (x)
y4
. (A.2)
The O(ε1/2) evolution equation reduces to
e−Φ/2
LI
1
y2
∂y
(
y2
√
f
(1/2)
K νθ
)
= − 1
M4
(0)
Fθy
(1/2)
F νy
= ℓq
Cν1
y6
, (A.3)
which can be integrated to give
(1/2)
K νθ =
eΦ/2
y2
√
f
[
−LIℓq
3
Cν1 (x)
y3
+ Cν2 (x)
]
. (A.4)
The O(ε) evolution equations contain terms like
(1/2)
Fµy
(1/2)
F νy∝ hµλCλ1Cν1 /f(y). In
the cap regions, we thus require Cν1 = 0 to avoid the singular behaviour at the
poles. Further, the regularity of
(1/2)
K νθ at the poles imposes C
ν
2 = 0 in the cap
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regions. To fix the integration constants in the central bulk, we use the Maxwell
jump conditions and Israel conditions at each brane:
[[
ny
(1/2)
F yµ e−φ
(0)
]]
= −eU (∂µΣ− eAµ)(1/2) , (A.5)[[
(1/2)
K νθ
]]
= − U
M4
(
n− eA(0)θ
)
(∂µΣ− eAµ)(1/2) . (A.6)
Combining these two equations and noting that
(1/2)
F yµ= 0 =
(1/2)
K νθ in each cap, we
obtain two linear algebraic equations for the bulk values of Cν1 and C
ν
2 :[
(1/2)
K νθ −
1
eM4
(
n− eA(0)θ
)
ny
(1/2)
F yµ e−φ
(0)
]∣∣∣∣
y±∓ǫ
= 0. (A.7)
Therefore, Cν1 = C
ν
2 = 0 in the bulk. Now we also see that
(∂µΣ− eAµ)(1/2) = 0 on the branes, (A.8)
and bµ = O(ε3/2).
Appendix B
Solving the bulk evolution
equations
The structure of the bulk evolution equations and boundary conditions of chap-
ter 3 are identical for the three variables K νµ , K and J (denoted here by the
generic variable K). In this appendix, we summarize the procedure to solve these
equations and to find the integration constants.
All of the key evolution equations in the main text have the form of
∂y
[
y2
√
fK(y, x)
]
= eΦ(x)/2yLIR(x), (B.1)
subject to the boundary conditions
K(yN , x) = K(yS, x) = 0, (B.2)
[[K]]|y=y± = T±(x). (B.3)
In the south cap we have the solution
K =
y2 − y2S
2y2
√
f
eΦ/2L−R. (B.4)
In the bulk the solution can be written as
K =
eΦ/2 [y2L0R + C(x)]
2y2
√
f
, (B.5)
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where the integration constant C(x) is determined by the condition (B.3) as
C(x) =
[−y2−L0 + (y2− − y2S)L−]R + 2y2−√f−e−Φ/2T−. (B.6)
In the north cap we have the solution
K =
y2 − y2N
2y2
√
f
eΦ/2L+R, (B.7)
and the boundary condition (B.3) requires
[
(y2N − y2+)L+ + y2+L0
]
R + C = −2y2+
√
f+e
−Φ/2T+. (B.8)
In the above we defined f± := f(y±). Substituting Eq. (B.6) into Eq. (B.8) we
obtain (∫ yN
yS
LIydy
)
· R = −
∑
i=±
y2i
√
fie
−Φ/2T i. (B.9)
Appendix C
Gauge transformations up to
second order
In this appendix, we will find the change of variables that one needs to perform
to go from the uniform curvature gauge (6.45) to the comoving gauge (6.21).
A similar result can be found in [124]. Alternative but equivalent methods to
find the gauge transformations up to second order and beyond can be found in
[187, 188, 189, 190].
In order to go from the gauge (6.45) where the field fluctuation is not zero
to the gauge (6.21) where δφ = 0 we need a change of variables that satisfy
φ(t+ T (t)) + δφ(t+ T (t)) = φ(t).
At first order in perturbation theory we only need to do a time reparametriza-
tion. Let t and t˜ be the time coordinates in the gauges (6.21) and (6.45) respec-
tively. The time reparametrization is t˜ = t + T . At first order
T = −δφ
φ˙0
=
ζ
H
, ζ = −H
φ˙0
δφ. (C.1)
At second order the time reparametrization is
T = −δφ
φ˙0
− φ¨0δφ
2
2φ˙0
3 +
˙δφδφ
φ˙2
. (C.2)
At this order we also need to perform a spatial reparametrization given by x˜i =
xi + ǫi(x, t), where ǫi is of second order in the perturbations. The metric in the
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gauge (6.21) becomes
hij = − ∂T
∂xi
∂T
∂xj
+N
(1)
j
∂T
∂xi
+N
(1)
i
∂T
∂xj
+ a2T ˙˜γij + a
2
(
∂ǫj
∂xi
+
∂ǫi
∂xj
)
+a2e2HT+H˙T
2
(
δij + γ˜ij(t) +
1
2
γ˜ikγ˜
k
j
)
, (C.3)
where N
(1)
i is the first order shift vector in the gauge (6.45). If the vector ǫ
i obeys
the equation
a−2δhij +
∂ǫj
∂xi
+
∂ǫi
∂xj
= 2βδij + µij, (C.4)
with µij being a transverse and traceless tensor and δhij being defined as the first
four terms of Eq. (C.3), then the gauge transformation equations are given by
ζ = HT +
H˙T 2
2
+ β,
γij = γ˜ij(t) + µij. (C.5)
To obtain the quantities β and µij it proves to be useful to decompose ǫ
i in
ǫi = ∂iǫ˜+ ǫit with ∂iǫ
i
t = 0. After a few mathematical manipulations of equation
(C.4) one can obtain
β =
a−2
4
(
δhii − ∂−2∂i∂jδhij
)
, (C.6)
µij = a
−2
(
δhij − 1
2
δijδh
k
k − ∂−2∂i∂kδhkj − ∂−2∂j∂kδhki
+
1
2
δij∂
−2∂l∂kδhlk +
1
2
∂−2∂i∂jδhkk +
1
2
∂−4∂i∂j∂l∂kδhlk
)
, (C.7)
where δhij can be written explicitly as
δhij = − 1
H2
∂iζn∂jζn +
1
H
(∂iζn∂jψ1 + ∂jζn∂iψ1) +
a2
H
ζn ˙˜γij, (C.8)
where ψ1 is from the uniform curvature gauge and we have used the variable ζn
introduced before, Eq. (6.38). As γ˜ij is of second order now, the term ζn ˙˜γij is of
third order. We kept it in Eq. (C.3) for the sake of comparison with the result
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of [124]. For ζ we have
ζ = ζn +
ǫ
2
ζ2n +
φ¨0
2φ˙0H
ζ2n +
1
H
ζnζ˙n + β. (C.9)
Appendix D
Extraction of TT part of a tensor
In this appendix, we provide a way to extract the transverse and traceless (TT)
part of a tensor . This will be used to obtain the TT part of the source term of
equation (6.59).
Let Tij to be a given 3D symmetric tensor, as it is the case for the source of
equation (6.59). Then it can be decomposed into a trace part and a traceless part
as
Tij =
T
3
δij + T˜ij . (D.1)
The traceless part (5 degrees of freedom) can be written like
T˜ij = Dijχ + ∂iχj + ∂jχi + χij , (D.2)
with Dij ≡ ∂i∂j − 13δij∂2, ∂iχi = 0 and ∂iχij = 0 = χii, where indices are
raised by δij . The equation ∂
iTij =
1
3
∂jT +
2
3
∂j∂
2χ + ∂2χj can be solved using a
similar method as the one we used to solve the second order momentum constraint
previously. We then find
χ =
3
2
∂−4∂jFj, χj = ∂−2Fj − ∂j∂i∂−4Fi, (D.3)
where Fi ≡ ∂jTij − 13∂iT . And
χij = Tij − T
3
δij −Dijχ− ∂iχj − ∂jχi. (D.4)
In conclusion, given a tensor Tij, Eq. (D.4) defines its transverse and traceless
part.
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Let us see how this works at the action level for the particular case of the
tensor perturbations described in the main text. In the action (6.58), the source
for γ˜ij is of the form
S =
∫
dtd3xγ˜ijTij. (D.5)
with Tij being quadratic in δφ. We can see that because γ˜ij is transverse and
traceless we are allowed to replace Tij in the previous action with χij defined in
(D.4). If we calculate the equations of motion by varying the resulting action we
get as a source χij and not simply Tij (see Eq. (6.59)), ensuring that both sides
of the equations of motion are transverse and traceless.
Appendix E
Equations of motion for the
fluctuations
Here, we derive the equations of motion for linear perturbations for the general-
ized model introduced in 7.4.3. In terms of the field space “covariant quantities”
[144] which are given by
Dtφ˙I ≡ φ¨I + ΓIJKφ˙J φ˙K , (E.1)
DtQI ≡ Q˙I + ΓIJKφ˙JQK , (E.2)
DIDJ P˜ ≡ P˜,IJ − ΓKIJ P˜,K , (E.3)
RIKLJ ≡ ΓIKJ,L − ΓIKL,J + ΓILMΓMJK − ΓIJMΓMLK , (E.4)
(ΓIJK denotes the Christoffel symbols associated with the field space metric GIJ),
the second order action can be expressed as
S(2)=
1
2
∫
dtd3xa3
[(
P˜,YGIJ + P˜,Y Y φ˙I φ˙J
)
DtQIDtQJ
− 1
a2
P˜,Y [(1 + bX)GIJ − bXIJ ] ∂iQI∂iQJ − M¯IJQIQJ + 2P˜,Y J φ˙IQJDtQI
]
,
(E.5)
with the effective squared mass matrix
M¯IJ = −DIDJ P˜ − P˜,YRIKLJ φ˙Kφ˙L + XP˜,Y
H
(P˜,Y J φ˙I + P˜,Y I φ˙J)
+
XP˜ 3,Y
2H2
(1− 1
c2ad
)φ˙I φ˙J − 1
a3
Dt
[
a3
2H
P˜ 2,Y
(
1 +
1
c2ad
)
φ˙Iφ˙J
]
. (E.6)
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It is worth noting that except for the coefficients of the kinetic term and the
gradient term, this action is the same as K-inflation case and DBI-inflation case
which are derived in [118] and [116], respectively.
From now on we will derive the equations of motion for the fluctuations. For
simplicity, let us now restrict our attention to the two field case (I = 1, 2). Then,
the perturbations can be decomposed intoQI = Qσe
I
σ+Qse
I
s , where e
I
σ = e
I
1 and e
I
s
is the unit vector orthogonal to eIσ. As in standard inflation, it is more convenient
to use conformal time τ =
∫
dt/a(t) and define the canonically normalized fields1
vσ ≡ a
cad
Qσ , vs ≡ a
cen
Qs . (E.7)
From the similar calculations with K-inflation and DBI-inflation cases ana-
lyzed by [118] and [116], respectively, we find the equations of motion for vσ and
vs as
v′′σ − ξv′s +
(
c2adk
2 − z
′′
z
)
vσ − (zξ)
′
z
vs = 0 , (E.8)
v′′s + ξv
′
σ +
(
c2enk
2 − α
′′
α
+ a2µ2s
)
vs − z
′
z
ξvσ = 0 , (E.9)
where the primes denote the derivative with respect to τ and
ξ ≡ a
σ˙P˜,Y cad
[
(1 + c2ad)P˜,s − c2adσ˙2P˜,Y s
]
, (E.10)
µ2s ≡ −
P˜,ss
P˜,Y
+
1
2
σ˙2R˜− 1
2c2adX
P˜ 2,s
P˜ 2,Y
+ 2
P˜,Y sP˜,s
P˜ 2,Y
, (E.11)
z ≡ aσ˙
cadH
√
P˜,Y , α ≡ a
√
P˜,Y , (E.12)
with
σ˙ ≡
√
2X , P˜,s ≡ P˜,IeIs
√
P˜,Y cen ,
P˜,Y s ≡ P˜,Y IeIs
√
P˜,Y cen , P˜,ss ≡ (DIDJ P˜ )eIseJs P˜,Y c2en , (E.13)
and R˜ denotes the Riemann scalar curvature of the field space.
1Since the definitions of Qσ and Qs in this work are different from the definitions in [118,
116, 117] the relations between Qσ and vσ, and Qσ and vs are also different from the analogous
relations in those papers.
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If we assume that the effect of the coupling ξ can be neglected when the scales
of interest cross the sound horizons the two degrees of freedom are decoupled and
the system can be easily quantized. If we further assume the slow-roll approxi-
mations, the time evolution of H , cad, and σ˙ is small with respect to that of the
scale factor and the relations z′′/z ≃ 2/τ 2 and α′′/α ≃ 2/τ 2 hold (see subsec-
tion 7.5.1 for these approximations). The solutions of (E.8) and (E.9) with the
Bunch-Davies vacuum initial conditions are thus given by
vσk ≃ 1√
2kcad
e−ikcadτ
(
1− i
kcadτ
)
, (E.14)
vsk ≃ 1√
2kcen
e−ikcenτ
(
1− i
kcenτ
)
, (E.15)
when µ2s/H
2 is negligible for the entropy mode.
Therefore, the power spectra for Qσ and Qs are obtained as
PQσ ≃
H2
4π2cad
, PQs ≃
H2
4π2cen
, (E.16)
which are evaluated at sound horizon crossing. Here for adiabatic perturbations,
the sound horizon is determined by cad and for entropy perturbations, it is de-
termined by cen. The ratio of the power spectra for the adiabatic and entropy
modes is thus given by PQs/PQσ = cad/cen.
